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EDITOR'S INTRODUCTION

1

The publication in 1893 of the first volume of Gottlob Frege’'s
Grundgesetze der Arithmetik is now widely regarded as a land-
mark in the history of thought; yet in retrospect it appears in a
light rather different from that in which Frege himself viewed it.

To Frege it was the culmination of the work of half a lifetime,
intended to afford a rigorous and detailed substantiation of the
view (later known as ‘logicism’) that the content expressed by
true propositions of arithmetic and analysis is not something of
an irreducibly mathematical character, nor synthetic a priori as
Keant had held, nor again empirical in nature as J. S. Mill had
held, but to the contrary, such propositions express truths of
pure logic. Frege had broached this thesis in his Grundlagen
der Arithmetik® of 1884 for the case of the cardinal numbers, to-
gether with elaborate discussion and criticism of rival views
and an attempt at a nontechnical philosophical justification of
Frege’s approach to the foundations of his subject. The criti-
cisms were lethal and the justification imposing, but Frege was
aware that even this did not place his view beyond all doubt.
Three further things were required:

(1) we must actually set out a (preferably small) number of as-
sertions which, when their meaning was explained, would be in-
disputably recognized as expressing truths of pure logic;

(2) we must actually set out a (preferably small) number of
principles which, when their manner of use was explained, would
be indisputably recognized as sound rules of inference, in the
sense that, applied to logically true premisses, the transformations

!This Introduction is intended chiefly for students and others to
whom the study of Frege is new, though the connoisseur may find oc-
casional points of interest.

2Bibliographical information rel ating to writings of Frege referred to
in this Introduction is given on pp. lviii ff.



permitted by these principles could not issue in any but logically
true conclusions; and

(3) we must then actually produce derivations of the standard

propositions of arithmetic and analysis from our propositions of
logic (and no other propositions), using our principles of infer-
ence (and no other principles).
This threefold task was to be carried out in Grundgesetze. For
Frege the paramount part of this task was (3); by far the bulk of
his book was devoted to it, and it was in terms of the success
or failure of (3) that he thought of the success or failure of the
book as a whole—as was natural, given his purpose of vindicating
‘logicism’ by actual demonstration.

For us today, on the other hand, the greater value belongs to
Frege’s handling of (1) and (2). There are several reasons for
this. One is that Frege’s investigations of the concepts of log-
ical truth and of logical consequence, undertaken in the course
of meeting (1) and (2), amounted to the creation single-handed of
the subject of mathematical logic as later understood?d, issuing
in a formal system of logic incorporating propositional calculus,
first- and second-order quantification theory, and a theory of
sets developed within second-order quantification theory. The
influence of Frege’s formulations upon subsequent developments
has been somewhat indirect. At first they were ignored, like the
rest of his work. In 1902 they came to the attention of Russell,
who by that date had arrived at certain similar ideas independ-
ently, and their effect can be discerned to a degree in the sys-
tem of Whitehead and Russell’s Principia Mathematica. But it
was Principia and not Grundgesetze that became the foundation
for work in logic thereafter; Frege’s logical ideas again fell into
comparative neglect, and to this date are generally only super-
ficially understood where they differ from those of Principia.
Yet these ideas abound in both subtlety and power; further,
Frege’s presentation is carried out in accordance with standards
of definiteness, clarity, and rigor far higher than those prevail-
ing in Principia—standards that were not reattained for meny
years thereafter,

There is a second, related reason for attaching great impor-
tance today to Frege'’s treatment of (1) and (2): that is, Frege’s

31t should he noted that several of the technical innovations ao-
tually date back to Frege'’s early book Begriffsschrift of 1879.
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explanation of the primitive basis of his system of logic, and
particularly of the primitive symbolism, is undertaken in terms
of a deeply thought-out semantical interpretation, which in turn
embodies an entire philosophy of language. The influence of
the latter upon the semantical structure and even the syntax of
the language developed makes itself felt steadily throughout the
discussion. This philosophy of language is very profound, and
possesses great interest quite independent of its origin as the
handmaiden of ‘logicism’. It too is not generally well under-
stood even today.

A third point is that the project of the book, regarded as Frege
regarded it, was a failure, for the set theory of his system is
inconsistent, and yet is indispensable for the derivation of prop-
ositions of mathematics. The inconsistency, which became
known to Frege through a letter from Russell in the summer of
1902 while the second volume of Grundgesetze was in press,
renders it quite impossible that ‘logicism’ be substantiated by
the system in even essentially its present form. And subse-
quent work dealing with the relations between logic and mathe-
matics has in any case now far outstripped the contribution of
Grundgesetze to that subject.

Let us dwell for another moment on the relevance of Frege's
work to present-day philosophical interests. In recent decades
of this century within the movement broadly termed ‘analytical
philosophy’ a division has occurred between two approaches to
the general topic of meaning. One approach, much the older,
finds the vehicle of meaning in the linguistic ezpression; the
other, more recent, is based rather on looking to the use or oc-
casions of the use of expressions. The first approach is based
on the ancient metaphysical tradition that views phenomena of
meaning in the form of relations holding between language and
the world; characteristic is its investigation of these phenom-
ena in the context of a formalized language, where the results of
enquiry take the form of semantical metatheorems. (This is not
new, but as old as Plato; certain methods are new.) The sec-
ond approach views phenomena of meaning in terms of the great
variety of acts that may be performed by speakers of a language
in the everyday contexts of its use; accordingly natural rather
than formalized languages are enquired into, and the idea of
‘relations between language and the world’ as a setting for

Vit



philosophical investigation is held to be a source of confusion.
Proponents of the first approach derogate the second as impre-
cise, unscientific, and willfully or ignorantly shirking the tools
of modern logic. Proponents of the second approach derogate
the first for its oversimplifying of the richness and multiplicity
of language, for studying idealized abstract structures instead
of language as it is, and for hypostatizing meanings.

It is a misfortune, though perhaps inevitable, that this division
has presented itself as a conflict, since the approaches are ob-
viously complementary and rivalry has obstructed fruitful inves-
tigation of their mutual relations. The importance of Frege’s
work, which falls squarely within the first approach, is simply
this: the theory of meaning it presents is more subtle and more
complex than any other such theory of its kind, subtle and com-
plex in ways that have not been taken into account in attacks
either upon it or upon better known theories falling within the
same category. The point is not that this theory should there-
fore be acknowledged as carrying the day for the first approach,
but that a thorough understanding of it may help to form a basis
upon which we might hope to penetrate the problems that the
two approaches face in common,

Thus Frege’s book, viewed as he viewed it, is chiefly of his-
torical interest—though the chapter of history it constitutes is a
great one. Viewed from a modern standpoint, however, it is well
worth studyin its own right by philosophers as well as logicians
and historians of thought, and it is in this spirit that the present
translation of its philosophically and logically most important
portions is offered.

In what follows I give first a rapid and superficial description
of the course of developments in the parts here translated, then
comment somewhat more fully on certain points of particular im-
portence, and finally offer some notes to the translation itself,

2

The present work is a translation of approximately one-fifth
of Grundgesetze der Arithmetik, consisting of the introductory
portions of the first volume and an epilogue appended to the
second (Appendix II, below). It falls into three parts.

First is Frege’s Introduction to the first volume, outlining the
book and its aims, and distinguishing its standpoint from the
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then current ‘formalism’ in mathematics* and ‘psychologism’ in
logic. The treatment of the latter turns into a long and rather
violent polemic against Erdmann’s Logik®; one gathers that the
appearance of this book in 1892 on the eve of the publication of
Grundgesetze had exasperated Frege beyond endurance. It
should perhaps be remembered that Frege had some cause for
bitterness in the complacent misunderstanding and lack of ap-
preciation accorded his earlier works, where indeed they were
noticed at all; and no doubt he was right in laying a large part
of the blame upon fashionable ‘psychologizing’ tendencies among
contemporary logicians. However this may be, the Foreword is
useful in conveying an idea of the role that the book was in-
tended to play and the prevailing situation in which it was to
play it, at least as these appeared to Frege.

The second and chief part is the ‘‘Exposition of the Begriffs-
schrift’’, a compressed but extremely thorough exposition of the
formalized lenguage in which the later reasoning of Grundge-
selze is carried out, together with informal justifications of the
propositions to be adopted as axioms (‘Basic Laws’) without
proof, and of the rules of inference to be employed in generating
new propositions from the axioms,

The ‘‘Exposition’’ begins with a brief survey of the kinds of
entities comprising the logical universe of the book: functions,
including concepts and relations®, and objects, including truth-
values, courses-of-values and the extensions of concepts. Then
we turn to the system itself: nemes of truth-values are first dis-
tinguished from asserted propositions, and then names of various
functions are introduced that are later to be used in forming com-
plex names of truth-values (as well as of other objects), and

4This is not the later ‘formalism’ of Hilbert, a program of seeking
metamathematical consistency proofs for classical mathematics, but
a view ascribing to classioal mathematics itself the intrinsic char
acter of being a ‘game’ played by meanipulating symbols on paper.
Frege might have put the difference thus: the procedure of the later
(Hilbertian) formalist cannot be described without distinguishing be-
tween the use and the mention of mathematioal expressions; the view
of the earlier derives from confusing them.

’Benno Erdmann, Logik. Band 1. Logische Elementarlehre (Halle
a/8S.: Max Niemeyer, 1892).

8«Relation’ is always understood to mean hinary relation,
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thereby in asserted propositions. These function-names corres-
pond more or less closely to the modern truth-functional con-
nectives of negation and the conditional, also the identity-sign
and the (first-order) quantifiers”, a notation for courses-of-values
and what corresponds to an operation-symbol for forming definite
descriptions. But here it must be borne in mind that for Frege
the negation- and conditional-signs, for example, are in fact not
connectives—in the sense in which & connective is a syncate-
gorematic expression or ‘improper symbol’ not itself having de-
notation—but names denoting certain functions. Not only are
they so celled, but they are regarded as replaceable by varia-
bles, which for a syncategorematic expression is impossible,
The same applies to the definite-description sign, which is not
literally an operation-symbol but a function-name. All of these
signs are explained informally in accordance with the semantical
viewpoint of the book, accompanied by many examples,

Next we encounter transformation-rules, regarded as permitting
transitions from one asserted proposition (not: name of a truth-
value) to another. For sentential logic these answer roughly to
Modus Ponens, Hypothetical Syllogism, Contraposition, and a
rule for which there is no title in general use but which might
be called ‘Concentration of Antecedents’. For predicate logic
there is a rule of Universal Generalization. (Rules of substi-
tution and of alphabetic change of bound verieble are laid down
later, in the Summary of the Rules.) Axioms (‘Basic Laws’) are
laid down, whose nearest equivalents in more recent notation
would be

p-{g~p (Basic Law [)
~(pe~q)+(p = ¢q) (Basic Law IV)
y = (zXy = 2) (Basic Law VI)
(z)Kz) » Ay) (Basic Law Ila).

Care must be taken lest these approximations mislead. For ex-
ample, the range of the variables in Basic Laws I and IV is not
confined to truth-velues, but extends over all objects whatever;
accordingly the constants eligible to replace them are not merely
sentences (names of truth-values) but names of any objects,
Thus, for example,

‘*‘the Parthenon » (2+2 = 4 » the Parthenon)"

TDescribed as names of second-level functions. Cf. 8 below,



(assuming the constituent names to be(denoting)proper names
of the language) would be a legitimate instance of Basic Law L.
Again, since sentences are regarded as names denoting truth-
values, Frege has no need for the biconditional sign used above,
the identity-sign being available.

Next, function-names of a new kind® are introduced correspond-
ing to second-order quantifiers, and further Basic Laws are
laid down. One,

glz = ) » gl(N{AY » R=))], (Basic Law III)
has as one instance the proposition

(& =)+ (N(Ry) » ),

sometimes called the Principle of Indiscernibility of Identicals,
and as another instance (teking ‘‘g’’ as ‘“‘not’"),

~z = y) -»~(f)(ﬂy) b f(-’E)) y
Leibniz’ law of Identity of Indiscernibles. A second Basic Law
in which figures the idea of second-order quantification is

nap - ¢p,° (Basic Law IIb)

placing the same condition of instantiability upon universally
quantified function-variebles as does Basic Law Ila for object-
variables.

Also introduced is the ill-starred Basic Law V on the notion
of the course-of-values of a function, e special case being the
notion of the extension of a concept: notions that for present
heuristic purposes we may identify with those respectively of a
function-in-extension and of a class ©. This Basic Law asserts
that for two functions to determine the same course-of-values it
is necessary and sufficient that they have always the same
value for the same argument. For the special case of concepts,
it asserts that for two concepts to determine the same extension
(or class) it is necessary and sufficient that precisely the same
objects fall under each, or

Ff(z) = £g9(2) «+ (2)(A2) — g(z)) (Basic LawV).

This concludes the exposition of the primitive basis of the
system. The next step is to devise methods of abbreviating
complex names by definition. We are first given an elegant re-
view of the semantical position, followed by the rules to be

8Described as names of third-level functions. Cf. & below.
%Here my makeshift modern notaticnis exceptionallyinaccurate; cf. &.
10¢t, & below.
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observed in introducing such abbreviations. There follow defi-
nitions of the several particular functions, concepts, and ob-
jects that are to be used in the earliest constructions of the
book: these include the many-oneness of a relation, the con-
verse of a relation, the cardinality (‘Number’) of the extension
of a concept, the particular cardinal numbers zero and one, the
relation of immediate succession in the series of finite cardi-
nals, and the proper and improper ancestral of a relation. (Many
further definitions are given in the course of later developments.)

Finally, the Basic Laws are collected, the Rules are stated in
final and comprehensive form, and numerous immediate corol-
laries are derived by the Rules from the Basic Laws,

With this the ‘‘Exposition of the Begriffsschrift’® is complete,
However, a third part has been added in the present book: two
Appendices containing material pertinent to the fact that the
system as it stands is inconsistent. The offending principle is
of course Basic Law V, about which Frege himself confessed
some uneasiness from the beginning'!'. More accurately, the
inconsistency arises from the simultaneous maintaining of two
theses: (1) that to every first-level concept there answers a
certain object standing to it as its extension, whose identity-
condition is that provided in Basic Law V, and (2) that this ob-
ject is a full-fledged or ‘proper’ (eigentlich) object, meaning that
it is an admissible argument for every first-level function what-
ever. Basic Law V, so interpreted, enables us to derive within
the system the antinomy that has become known as Russell’s
Paradox. The derivation, together with a discussion of the cri-
sis and Frege’s attempt to repair the system, is given here as
Appendix II; it was written by Frege in the few months follow-
ing receipt of the shattering letter from Russell announcing the
inconsistency, and was appended to the second volume of Grund-
gesetze. Even to the modern reader, beneficiary of intensive
subsequent discussion of such matters, the inconsistency may
not be instantly apparent by inspection of Basic Law V; but it
becomes quite patent when we learn that this Law implies a
theorem whose modern approximation for the case of concepts is

fy) — y e 2f2)
without limitation on y or f; the latter is indeed the first theorem

10f, his Introduction, pp. 3-4 below.
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proved in Grundgesetze after the ‘““Exposition’’. It yields Rus-
sell's Paradox immediately upon substitution of ““~(( )e( N
for “Al )" and of “£(~(z e )’ for “4*". Since this theorem
figures in Frege’s discussion of the inconsistency, and its deri-
vation can be understood in the light of the **Exposition®’ alone,
the derivation has been included as Appendix I.

3

Certain points must be clear if the theory of the book is to be
understood; since some of these are not fully explained in the
book itself, and others seem to be easily misunderstood, some
discussion is called for. They are conveniently arranged under
the head of five distinctions: (1) sense and denotation, (2) func-
tion and object, (3) name and mark, (4) function and course-of-
values, (5) name (or mark) of a truth-value and assertion.

Because these distinctions cut across one another in various
ways it is not possible to treat each in total isolation; hence
some matters may be touched on earlier that cannot be under-
stood fully until later. But it is of great importance to see from
the beginning that the first two distinctions are quite independ-
ent of each other: the first distinction divides the denotation
(Bedeutung) of a simple or complex name from its sense (Sinn);
the second divides the denotations and the senses of all names
into functions, described as ‘unsaturated’ or ‘in need of com-
pletion’ (ungesditigt, erginzungsbediirftig), and objects, de-
scribed as ‘saturated’ and ‘self-subsistent’ (gesdattigt, selb-
stdndig).

In order to explain this and proceed, let us adopt a few ele-
mentary quasi-technical terms. First, let us use the term ‘‘com-
plete name’’ to describe an expression that either names or pur-
ports to name a determinate object. Thus proper names in the
ordinary sense would be complete names in our sense: names
such as ‘‘Napoleon Bonaparte’’, ‘‘the Schneekoppe®’’, ‘‘Venus”’
(taken as naming a planet), and also proper names that, although
not (as far as we know) names of any object, still purport to
name some object, such as ‘‘Nessus’’, which purports to name
a certain centaur, and ‘“‘Nausicaa’’, which purports to name a
young woman, and ‘‘Venus’’ taken as naming a goddess. Let
us also for the sake of argument admit Arabic numerals as com-
plete names in our sense, such as ‘‘9’*, thus imagining that the
number 9 is a certain determinate object, though an abstract
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object.

Next, let us enrich the category of complete names by dis-
tinguishing between simple and complex complete names, un-
derstanding by a complex complete name a complete name having
a complete name as a proper part. Thus ‘‘Napoleon Bonaparte®’
is a simple complete name, but ‘‘the elder brother of Napoleon
Bonaparte*’ is a complex complete name which names Joseph
Bonaparte. ‘‘9* is a simple complete name, but ‘92" is a com-
plex complete name which names the number 81; ‘‘3%** is a com-
plex complete name which, like ‘‘9’’, names 9. ‘‘The shirt of
Nessus’’ is a complex complete name which (as far as we know)
does not name anything,

Thus enriched, the category of complete names now includes
some expressions that might not be regarded as proper names in
the ordinary sense, but the notion of complete name still has a
straightforward intuitive content. Shortly we shall have to ex-
tend both our notion of a complete name in general, andlater(in
a somewhat different direction) our notion of complex complete
name in particular; for the moment, however, they will serve us.
What we are calling a complete name, Frege calls a proper name
(Eigenname).

Next, let us call what is left over when one or more complete
names are removed from a complex complete name, an incom-
plete expression, and let us for convenience mark the gap (or
gaps) thus left with open parentheses. Accordingly, ‘‘the elder
brother of ( ), *‘( )?**, ‘“‘the shirt of ( )'’, and so on, will be
incomplete expressions. Our later extension of the notion of
complex complete name will require us also to extend our notion
of incomplete expression; but for the moment it will serve us.

Now let us return to Frege. Where we have used the words
*‘is a name of’’ or ‘‘names’’ to describe a relation between a
complete name and a certain object, Frege uses the term ‘‘de-
notes '’ (bedzutet), and speaks of the object named by the name
as the denotation (Bedeutung) of the name. But furthermore, for
Frege an incomplete expression, as we have called it, is also a
name, and is also conceived as capable of denoting something,
or of having denotation; its denotation, however, is said to be
not an object (as for complete names) but a function. Now this
(unlike the use of ‘‘complete name’’ rather than ‘‘proper name’’)
is not a mere matter of terminology but an extremely important
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and controversial part of the theory; hence to evoke this part of
Frege’s view we shall now speak of such expressions as *‘( )2”
and ‘‘the shirt of ( )'’ as incomplete names instead of incom-
plete expressions (Frege's term is ‘‘function-name’’)., As we
said, then, objects, which are denoted by complete names, are
‘saturated’, and functions, which are denoted by incomplete
names, are ‘unsaturated’.

It will be useful to adopt as a convention the practice of using
the terms ‘‘complete’® and ‘‘incomplete’ only to apply to ex-
pressions, and confine the use of ‘‘saturated’’ and ‘“‘unsaturated"’
to the denotations!? of expressions, although Frege uses the
two pairs of terms more or less convertibly. (But our conven-
tion is purely terminological; Frege does not, as is sometimes
thought, confuse his use of (e.g.) ‘‘unsaturated” for expressions
with his use of it for the denotations of these expressions, al-
though he does sometimes tend to exaggerate the resemblance
between them,)

What must be clearly understood at the outset is that when
Frege speaks of functions as the denotations of incomplete
names, he is using the word ‘‘denotation® (i.e., ‘‘Bedeutung"’)
in a manner that is as precisely analogous to his use of it in
connection with complete names as is permitted by the fact that
functions are supposed to be ‘unsaturated’ whereas objects are
not; his use of the word ‘‘name’’ itself is pari passu as literal
in the one case as in the other. This must be stressed because
of an idea current in the literature that Frege uses ‘‘Bedeutung’®
in the case of incomplete names not for a technical notion of
denotation but rather for some undifferentiated notion of ‘mean-
ing’, or again that he uses it in that case for something like
what he calls ‘‘sense’’ in the case of complete names. This
idea cannot withstand thorough exposure to Frege’s writings 13,
Of course, we are still in the dark as to what is meant by the
assertion that incomplete names have a denotation (Bedeutung)
that is ‘unsaturated’; the point is that we shall be poorly placed
to understand this if we suppose that in it by ‘‘Bedeutung’’
Frege does not mean denotation at all.

On the basis, then, that the first two distinctions are mutually
independent, a point expressible by saying that complete names

”And, later, the senses of expressions.
1301., in the present work, §§29-31 (pp. 84-89 below).
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are thought to have saturated senses and saturated denotations
(i.e., objects) and incomplete names are thought to have un-
saturated senses and unsaturated denotations (i.e., functions),
let us consider the sense-denotation distinction.

Sense and denotation. Frege’s earliest and most detailed ac-
count of this distinction, that of ‘‘Uber Sinn und Bedeutung*’ in
1892, is explicitly confined to the case of complete names'*, a
fact perhaps partially responsible for the mistaken view that the
distinction is not intended to apply to incomplete names also.
Its application to incomplete names is better deferred to our
discussion of them in 4 below. For complete names then, the
proposal is that such a name, whether simple or complex, be
thought of as possessing over and above its denotation (if any)
a further component or type of meaning called its sense. The
notion of sense corresponds perhaps more closely than that of
denotation to our ordinary notion of ‘meaning’, in that it com-
prises, not the object named by a name, but something more like
what we wunderstand by the name: perhaps that which, if we
have grasped it, enables us to say of any object after appro-
priately thorough investigation whether or not it s the deno-
tation of the name. However this may be, Frege is emphatic
that the sense of a name is not to be identified with the ideas
or images that may be associated with or evoked by the name in
any mind or minds; it is objective, existing independent of any-
one’s in fact having grasped it, and of there being in fact any
name whose sense it is. As a name is said to denote its deno-
tation (if it has a denotation), so it is said to exzpress its sense;
and clearly it is possible for a name devoid of denotation to ex-
press a sense. (For example, let us agree that the name ‘‘Nes-
sus®’, though denotationless, expresses a sense, and that this
sense is identical with that expressed by the name ‘‘most knav-
ish centaur’’.) On the other hand, apparently it is ruled out that
a name might denote a denotation without expressing a sense;
thus no complete name is simply an ‘unmeaning mark’ or ‘logi-
cally proper name’ in the sense of its meaning being wholly ex-
hausted by its denotation. Although the last may seem to pre-
judge a traditional topic for philosophical quarrels, in the pres-
ent connection this is not of very great importance; for the
plausibility of an ‘unmeaning mark’ view of complete names is

"ufber Sinn und Bedeutung,’’ p. 27.
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largely confined to simple complete names, whereas the decisive
applications of sense-denotation theory occur where the names
in question are complex!'?

That is, the denotation of a complex name is invariably a func-
tion of the denotations of its constituent names, and the sense
of a complex name is invariably a function of the senses of its
constituent names; these might be called the Basic Principles
of sense and denotation, upon which rest the corresponding
principles of interchange: replacement of a constituent name in
a complex name by a name having the same denotation leaves
the denotation of the whole unchanged; and replacement of a
constituent name in a complex name by a name having the same
sense leaves the sense of the whole unchanged.

Formally, what distinguishes sense from denotation—besides
the provision that a name may possess the former and lack the
latter but not conversely—is that two complex names denoting
the same denotation may still express different senses, although
the converse cannot obtain. Thus the theory renders the rela-
tion of sameness of sense between names as subject to some
stricter or narrower criterion than that for sameness of deno-
tation. Frege does not explain in “Uber Sinn und Bedeutung®’
or elsewhere what degree of additional strictness he would con-
ceive as appropriate (he would say, as correct), nor, apparently,
did he attempt to formulate the various prima facie possible al-
ternatives. The weakest of these, as well as the most easily,
developed, would construe the names ‘‘A’’ and ‘‘B’’ as coin-
ciding in sense just in case ‘‘A = B" was not merely true but
necessary or logically valid '®; but it is worth observing that
Frege's intuitive criterion is at any rate considerably more
severe than this. For example, by his logicistic view of arith-
metical truths such a statement as “22 — 242" is logically
valid; yet he holds that “22'" and ‘‘2+2’’ do not express the
same sense !7,

The reasons for making such a distinction and publishing an

151t is worth remerking that in Grundgesetze there are no simple
complete names at all.

18This alternative is that called Alternative (2) in Church’s ‘‘A
Formulation of the Logic of Sense and Denotation’® (Henle, Kallen
and Langer, eds., Structure, Method and Meaning: Essays in honor
of Henry M. Sheffer, New York, 1951).

17¢t, pp. 6 (note 3), 35, below.
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account of it prior to the appearance of Grundgesetze were two-
fold. So far as sense is concerned the motivation was for the
most part negative, by way of setting it aside: and indeed in
the book once the distinction has been made, except for scat-
tered elucidatory remarks and the doctrine of assertion’® the
entire development is on the level of denotation. The inter-
pretation intended for the system is wholly extensional; the dis-
tinction enabled this to be brought out and intensional aspects
of meaning to be kept from obtruding. But in addition to this
general motivation there were two quite specific problems that
had had to be solved in the course of constructing the system
and whose solution was obtained by means of the distinction.
One was that of securing a satisfactory account of identity; the
other was to establish the point expressed in terms of the dis-
tinction by saying that sentences are complete names having
truth-values as denotation.

In Frege’s early work Begriffsschrift, identity had been hand-
led as a relation between expressions; namely,

L(A = B,’

was to express the circumstance of the sign *‘*4’’ and the sign
“B'* standing in the relation of ‘equality of content’ (/nhalts-
gleichheit). Thus the signs of the language acquired a split
signification (Zwiespditigkeit in der Bedeutung); where they did
not occur to the right or left of the sign ‘‘=’’ they were to be
taken as ‘standing for’ or ‘representing’ their ‘content’, but
where they did so occur, they were thought to stand for them-
selves. ‘“‘Content’ was used for some undifferentiated notion
of ‘meaning’; but at least in this connection we can take it as
amounting to the same as ‘‘denotation’’. The reason for so re-
garding identity seems to have been this: if we took ‘4 = B
as expressing a relation between the denotation of ‘*4”’ and the
denotation of ¢‘B*’ (i.e., between A and B), then since ‘A = B’
is true if and only if the denotation of ‘*A’* and the denotation
of ‘B’ are the same object, it appears that the relation ex-
pressed could only be the relation borne by an object to and
only to itself. Now indeed identity is precisely such a relation;
yet if this is the end of the matter it becomes very difficult to
explain the difference between ‘“A = B’’ and ““A = A’ when

18C1, 7 below,
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““A = B is true, to account for the obvious fact that true state-
ments of the form ‘A = B” may constitute important and inter-
esting extensions of our knowledge whereas statements of the
form ‘4 = A’* do not. The only way out, so long as we pro-
ceed on the basis that names have only denotation (or ‘con-
tent’), is to read ‘‘A = B’’ not as expressing the relation of
identity between A4 and B (i.e., for true ‘‘4 = B’’, between 4
and A), but rather as expressing the relation of having-the-
same-denotation between ‘‘4’' and *‘B’’. This was the reading
adopted in Begriffsschrift. It has the merit of accounting for
the interest of true ‘A = B”’ as against the uninformativeness
of ““A = A. But the price is exorbitantly high, for the device
renders it practically impossible to integrate the theory of iden-
tity into the formalized object-language itself; e.g., to state
generally such a law as that if #(a) and a = b then F(b).

By adoption of the sense-denotation distinction, this situation
is completely resolved in Grundgesetze. A name invariably
denotes its ordinary denotation, whether it occurs as a limb of
an identity-sentence or not, and it becomes possible to explain
the circumstance that is asserted to obtain by a statement of
the form ‘A = B*’ without becoming entangled in the difficulties
encountered above. Here it will be convenient to adopt another
terminological convention, one that will also serve us in 7 when
we consider the relation between a name of a truth-value and an
assertion. That is: given a name expressing a sense and de-
noting a denotation, a certain relation holds between that sense
and that denotation, a relation for which Frege has no word; let
us say that the sense ¢s a sense of that denotation and that the
denotation kas that sense as a sense. (To avoid ambiguity,
therefore, henceforth 1 shall never speak of a sense as ‘the
sense of’ an expression, but only as the sense expressed by an
expression, and I shall never speak of an expression’s ‘having’
a sense, but only of its expressing a sense.'?) On this basis,

19 ‘Being a sense of’ as used here answers to Church’s ‘being a con-
cept of’, where ‘anything which is capable of being the sense of [=ex-
pressed by] aname of z is called a concept of 2° (op. cit., p. 11; cf.
also Church's Introduction to Mathematical Logic [Princeton, 1956],
Vol. I, p. 6). Since we are reserving the word ‘‘concept’’ to translate
Frege's ‘‘Begriff'’, this otherwise unexceptionable idiom is not avail-
able to us. (Frege ocoa.snonally speaks of senses ‘belonging to’[zuge-
héren] denotations; cf. *‘Uber Sinn und Bedeutung,’® pp. 27, 35.)
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then, what is asserted to obtain by a statement of the form
““4 = B is that the sense expressed by ‘*‘A"’ and the sense ex-
pressed by ‘‘B’’ are senses of the same denotation: a circum-
stance trivial where the senses expressed by ‘‘4’’ and ‘‘B"
coincide (thus also for statements of the form ‘‘4 = A’") but
capable of being interesting where they do not. Thus a three-
fold aim is attained: the signs in ‘A = B’’ denote the denota-
tion(s) that they denote in other contexts, yet the difference in
meaning between true ‘4 = B’ and ‘‘4 = A” can be accounted
for, yet the circumstance expressed by ‘““4 = B’* is character-
izable independently of the particular language in which the
signs happen to occur. The aim achieved, a logic of identity
could be developed and very heavily exploited within the sys-
tem of Grundgesetze. Thus, then, one reason behind the dis-
tinction and the timing of the essay in which it was explained.
The other reason, perhaps even more important, concerns the
construal of senfences as belonging to the category of complete
names, and the truth-values (the True and the False) as their
denotations; its importance is indicated by the fact that fully
two-thirds of “‘Uber Sinn und Bedeutung’' is devoted to it. The
overall structure of the reasoning is as follows. It is extremely
natural to attempt to extend the principles of interchange, re-
ferred to earlier, to the case of sentences, and if we do so we
obtain a striking parallel between the relation of a complete
name and its denotation on the one hand, and the relation of a
sentence and its truth-value on the other. Two aspects of this
parallel are developed. (a) Just as, in the case of a complex
complete name such as ‘‘the shirt of Nessus’’ or ‘‘the square
of the largest finite number’’ that contains a denotationless part
(‘‘Nessus’’, ‘‘the largest finite number’’), we regard the entire
complex name as denotationless, so also, it is contended, in
the case of a sentence such as ‘‘Nessus did not carry Deianeira
across the river Evenus’® or ‘“the largest finite number is even’’
that contains a denotationless part, we regard the entire sen-
tence as devoid of truth-value, as neither true nor false. (This
contention is meant to describe our ordinary attitude.) (4) Just
as replacement of a constituentdenoting name in a complex com-
plete name by a constituent name having the same denotation
must necessarily leave the denotation of the whole unchanged
(although the sense expressed by the whole may be altered), so
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also replacement of a constituent denoting name in a sentence
by a constituent name having the same denotation must neces-
sarily leave the truth-value of the sentence unchanged, although
the resulting sentence may now contain [enthalten] a different
thought [Gedanke].2° Now of course this is not by itself con-
clusive; in any particular case much else might remain un-
changed besides., But consistent application of the principle
within a language of even moderate complexity leads inevitably
to the conclusion that it is only the truth-value that mus¢ remain
unchanged: ‘What else could ever be found but the truth-value,
that belongs quite generally to every sentence dealing with the
denotation of its components and that remains unaltered by re-
placements of the kind in question?’2!

Thus we find (¢) that denotationless parts divest complex
names of denotation and sentences of truth-value; (b) that the
relation of any true sentence to its truth-value and of any false
sentence to its truth-value is an exact parallel to the relation of
any simple or complex name to its denotation. These parallels
are very striking, but it should be observed that by themselves
they would not force us to use the term ‘‘denotes*’ for both re-
lations and accordingly admit sentences into the category of
complete names. Why then do so? The reason is that doing so
works a formidable simplification in the semantical theory gov-
erning the language, on several fronts. Frege desires to ex-
press laws of propositional logic by using variables, and these
variables should be appropriately replaceable by sentences.
The meaning of a variable is best explained by assigning it a
range of possible values,?? and then regarding constants substi-
tutable for the variable as names denoting objects in this range.
By admitting sentences into the category of complete names, we
are able to treat sentential variables in the same way as those
of other kinds, thus a sentence as denoting an object in the
range of a sentential variable; otherwise we should have to

204 ‘thought’ being ‘not the subjective performance of thinking but
its objective content, which is capable of being the common property
of many thinkers’ (¢5id., p. 32, note).

2 lI’)id.,p. 35. Frege's own argument is rather sketchy at this point,
but is easily supplemented. Cf. Church’s review of Carnap’s /ntro-
duction to Semantics, Philosophical Review 52 (1943), 298-304, and
Church’s Introduction to Mathematical Logic, Vol. 1, pp. 24f.

22Ct. s below.
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give some quite different account of the meaning of variables
and the rationale of their replacement by constants, either in
general or for the special case of sentential variables, and it is
not easy to see what form this would tak=.

A different, and extremely important, consequence of regarding
sentences as complete names is that it makes possible the ex-
planation of the notions of a concept and a relation as special
cases of the notion of a function, a topic to which we shall re-
turn in 4.3

For such reasons as these, the construal of sentences as
names is adopted to mark the parallels already discerned, and
the parallels then force us to take the denotation of a sentence
as its truth-value, (But because philosophical preconceptions
surrounding the word ‘‘name’’ so easily cloud one’s view of the
matter, let it be stressed once again that the parallels would
exist whether marked by the name-denotation terminology or not,
and that so marking them evinces not a distorted or outré con-
ception of sentence, but an unusually abstract and generalized
conception of name.) A sentence has already been assumed to
‘contain’ a ‘thought’; this notion is now incorporated into the
theory not as the denotation of the sentence but as its sense;
and accordingly the (studiedly vague) term ‘‘contain’’ is re-
placed by the technical term ‘‘express’.

To the construal of sentences as complete names denoting
truth-values there appear to be certain counterexamples that if
not accounted for would force Frege either to abandon the con-
strual or else to restrict drastically the scope of the principle
of interchange for denotation. No such counterexamples occur
in Grundgesetze, so that as far as the book itself was concerned
he could stop here. But because they might undermine confi-
dence in the general philosophical conceptions on which it
rested, and perhaps because of their own interest, they are dis-
cussed in *‘Uber Sinn und Bedeutung’® and a manner of dealing

231t is sometimes thought that the fact that the notion of a concept
and a relation can be construed as special cases of the notion of a
function, provides an argument for regarding sentences as complete de-
noting names; but clearly this is back to front. The possibility of rep-
resenting concept- and relation-words on the analogy of functional ex-
pressions depends entirely on complete sentences’ already being
thought of as having denotation in the same manner as functional ex-
pressions completed by s name of an argument.
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with them is roughly sketched. The cases in point are of this
type: the two sentences, e.g.,
(1) “‘The blood circulates, traveling away from the
heart through the arteries, and toward the heart
through the veins”’
and
(2) ““The heart is a muscle’?,
both being true, are supposed to have the same denotation; yet
replacement of the first by the second in the true sentence
(3) “‘Descartes was aware that the blood circulates,
traveling away from the heart through the arteries,
and toward the heart through the veins®’
results in the false sentence
(4) “‘Descartes was aware that the heart is a muscle”’,
suggesting that the truth of (1) and (2) may not guarantee them
the same denotation, or alternatively that the denotation of a
complex name is not invariably a function of the denotations of
its constituent names, Both alternatives are unacceptable, the
first for the reasons already set out, the second because it
would amount to abandoning the basic principle of sense-denota-
tion theory itself.

The answer of ‘‘Uber Sinn und Bedeutung’ is a doctrine of
‘indirect (or obligue) denotation’ (ungerade Bedeutung), provid-
ing that in certain contexts, such as that following ‘‘Descartes
was aware that’’, a sentence denotes not its direct (or ordinary)
denotation (gewdhnliche Bedeutung), its truth-value, but instead
its oblique denotation, identified with its ordinary sense: the
thought which, outside such a context, it would express. Thus
room is left for the difference of truth-value between (3) and (4),
for what is relevant therein are the oblique denotations of (1)
and (2), their ordinary senses, and these obviously differ. This
saves the principle of interchange for denotation; the denotation
of a complex name remains a function of the denotations of its
constituent names; but certain complex names may contain parts
generating contexts such that the denotations of constituent
names within such contexts are their oblique rather than their
ordinary denotations.

These problems can arise for complete names other than sen-
tences, and can be handled in the same way. For example, the
two names
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(5 ‘‘the number of major planets’’

and

(6) L9

have the same denotation; yet replacement of the first by the

second in the true sentence

) “It is not necessary that the number of major
planets be 9

results in the false sentence

(8) ‘It is not necessary that 9 be 9*’;

the response would be to rule “‘it is (not) necessary that'’ a con-

text of the same kind as ‘‘Descartes was aware that’, to de-

clare the oblique (though not the ordinary) denotations of (5) and

and (6) distinct, and proceed as before,

Suppose, following current practice, we term contexts of the
kind in question ‘oblique contexts’; the idea then is that if a
language contains expressions generating oblique contexts,
names capable of occurring in these are ambiguous; whether
they denote their ordinary or their oblique denotations depends
upon whether they occur in a nonoblique or an oblique context.
Frege left the matter at this point, as he was entitled to do
since oblique contexts were not to occur in Grundgesetze. If
they had, he would have had to go further, in one or the other
of two directions. He might have allowed the ambiguity to re-
main, This would require restrictions on the rules of inference;
for example, so as to block the inference that otherwise would
take us from (7) and

‘9 = the number of major planets”’
to (8). On the other hand, a policy might be adopted of “equiring
that differences of denotation be reflected in differences of
name, thus abolishing the ambiguity by employing, for example,
some such expression as
“[9] ‘1’

to denote the sense expressed by the expression ‘‘9’. Thus
‘*9” would invariably denote 9, that is, the number of major
planets, but *“(9] ' would denote a certain sense of 9, namely
[9),, something quite different from [the number of major plan-
ets] . (7) would be explicitly rewritten using the names ‘‘[9] *’
and ‘‘[the number of major planets] ' and a new relation-word,
asserting there to hold between the denotations of *‘[9] " and
‘““(the number of major planets] '’ whatever relation it was that
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(7) was previously regarded as asserting to hold between the
senses ordinarily expressed (but in (7) obliquely denoted) by
“9"" and ‘‘the number of major planets’’. On this basis all con-
texts would be non-oblique and the rules of inference could re-
main mostly unmolested, but the formation rules would become
much more complicated.

Since Frege left the matter where he did, it would take us be-
yond the scope of this Introduction to pursue further these two
approaches to a logic of sense or intensions. There is not much
to indicate which of them he would have adopted had he pressed
further. On one hand, the evidence of “Uber Sinn und Bedeut-
ung’’ points in the direction of the first method; but on the other
there is Frege’s general policy of paralleling differences of
semantical role by the use of distinct types of expression, as
with complete versus incomplete names, and again with names
versus marks, and again with names (and marks) of truth-values
versus assertions: a policy that if invoked here would suggest
the second method.

4

Function and object. Thus far we have considered the sense-
denotation distinction only for the case of complete names (what
Frege terms proper names), and this is Frege’s procedure in
“Uber Sinn und Bedeutung’’. However, the distinction is also
drawn for the other type of name: for incomplete names or, as
Frege terms them, function-names. The denotation of a com-
plete name is an object; that of an incomplete name is a func-
tzon. Objects are ‘saturated’; functions are ‘unsaturated’.

Frege also describes the sense expressed by an incomplete
name as ‘unsaturated’,?* and there is reason to believe that he
held such a sense to be a ‘function’?%; however, nowhere in his
writings does he use the word ‘‘function’ for anything but the
denotation of an incomplete name, and in this we shall follow
him. As we have seen, he says little enough about the senses

24cf, “Uber Begriff und Gegenstand,'’ p. 205; also the late series
of essays ‘‘Der Gedanke,' ‘‘Die Verneinung,' and particularly ‘‘Ge-
dankengefiige.’’

35¢1. H. Jackson, ‘‘Frege on Sense-Functions,’’ Analysis, 23 (1962
1963), 84-87, in which unpublished material of Frege’s is also ad-
duced in favor of this view,
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expressed by complete names, and scarcely anything at all is
said of the senses expressed by incomplete names (save for
their ‘unsaturation’); this agrees with our observation that a
main purpose for his making the sense-denotation distinction in
the first place was the negative one of setting the notion of
sense aside in order that it not obstruct or confuse the develop-
ment of the theory at the leve! of denotation. We shall remain
at this level, then, in this and the next two sections, and widen
our purview again to include the ‘realm of senses’ as well as
the ‘realm of denotations’ only in 7 when we come to the topic
of assertion.

What then can be said of functions? We should recall here
our differentiation at the beginning of 3 of simple and complex
complete names, where a complex complete name was provision-
ally understood as a complete name containing a complete name
as a proper part. By those lights, ‘92" and *“3%"* and ‘‘the
shirt of Nessus'® were complex complete names. Since then,
however, the category of complete names has been enlarged to
include sentences; accordingly, ‘32 = 9, ‘3 is even” and
‘‘the shirt of Nessus caused the death of Hercules’ will also
be understood as complex complete names.

An incomplete name was provisionally understood as theresult
of removing one or more complete names from a complex complete
name (as provisionally understood), a procedure that left gaps
which we marked by open parentheses. In place of these gaps let
us now use Frege’s lower-case Greek consonants ‘£’ and ““{*’,
thus writing instead of */( )2’ and ‘“‘the shirt of ( )'*, *‘£?** and
“‘the shirt of £*. These letters will serve purely as gap-holders
in incomplete names and have no other purpose; the point of using
them will emerge when we widen our still restricted notion of in-
complete name, forthen we shall encounter various types of gaps.

Now a complex complete name of the kind we are considering
is formed by completing an incomplete name by one or more
complete names, depending upon the number of gaps; let us for
now confine ourselves to one. Thus, completing ‘3" by ‘3"
we obtain *‘3%**, completing ‘‘the shirt of £’ by ‘‘Nessus’ we
obtain ‘‘the shirt of Nessus®’, completing *‘{ is even'’ by *‘3”
we obtain ‘‘3 is even’’, and so on. And Frege describes the
function denoted by an incomplete name in an analogous way:
we are to think of the completion of the incomplete name,
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resulting in a complete name, as the syntactical analogue of a
‘saturation® of the function, as if the function had a gap; a func-
tion is an entity such that, saturated by an object, an argument,
it results in an object, the value of the function for the former
object as argument. So, just as ‘“33' is the result of comple-
ting ““£2” with ‘3", likewise 32 (that is, 9) is the result of
saturating £ with 3; 9 is ‘what the function becomes on comple-
tion’ (das, wozu sie [= die Function] ergtnat wird; cf. below,
p. 34). Again, just as ‘'3 is even’ is the result of completing
‘£ is even'® with *‘3", likewise 3 is even (that is, the False)
is the result of saturating £ is even with 3.
All of this is of course entirely metaphorical and quite ob-
scure, But Frege claims that only metaphor is possible, no
further explanation can be given; for we have reached what is
logically simple, a level of logical analysis so profound that he
can convey his meaning only by ‘hints’; he must rely upon the
reader to ‘meet him halfway’ and ‘not begrudge a pinch of salt’.
This claim is perhaps unfortunate, for it suggests that Fregean
functions are weird and exotic entities about which nothing
clear or even intelligible can be said. (A large and unillumi-
nating secondary literature has grown up about them that would
appear to bear this out.) In order to see the matter more clearly
let us first drop the use of the term ‘‘entity’’ in connection with
functions (as in ‘‘unsaturated entity’’); for it seems only to
cause confusion. Now at one point Frege gives a perfectly
clear specification of the circumstances under which an incom-
plete name of the kind before us is to be regarded as having a
denotation: namely,
A name of a first-level function of one argument has a
denotation (denotes something, succeeds in denoting) if
the proper name that results from this function-name by
its argument-places’ being filled by a proper name always
has a denotation if the name substituted denotes some-
thing. 28

The failure of this condition with respect to a given incomplete

name ‘“©(£)"27, then, is to be taken as analogous to (e.g.) the

38Cft. below, p. 84, also p. 88.

27Capital Greek letters are used here and in Frege’s informal eluoi-
dations and illustrations ‘as if they were names denoting something,
without specifying what the denotation is’; cf. below, p, 38, n. 15. Thus
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nonexistence of Nessus with respect to the complete name
‘‘Nessus’'; in each case the situation is described in terms
of denotationlessness of the name. In these terms, the question
whether ““¢2"’, for example, has denotation, should be viewed
not as asking whether there exists an unsaturated entity £2? that
““¢2" names, but rather as asking whether every completion of
“¢2* by a denoting complete name of the language is a denoting
complete name of the language. (In fact, a further condition is
also assumed: that the complete names resulting from comple-
ting the incomplete name by names denoting the same object,
are names denoting the same object; we shall return to this
in 6.)

The controversial point is not whether Frege wished to apply
the idea of denotation in the case of incomplete names in a
sense as close as possible to that in which it was applied to
complete names; as was observed in 3, it is clear that he did.
Nor need there be confusion as to what in concrete cases the
ascription of denotation to an incomplete name was supposed
to assert; that has just been cited. Rather, the ideas that do
stand in need of justification are two, The first is the idea
that an incomplete name cannot denote an object, so that the
simple picture of denoting first evoked when we imagined the
relation between (say) a proper name in the ordinary sense and
the object (person, place, or thing) that it names—however gen-
eralized, attenuated and made abstract, as it has been by its
progressive extensions, ending with its extension to cover sen-
tences—cannot be meaningfully applied in the case of incom-
plete names. The second is the idea that nevertheless the con-
dition

always resulls in a denoting complete name

upon completion by a denoting complete name
for incomplete names, sufficiently resembles the condition

denotes an object

for complete names, to warrant the use of language like ‘‘has
denotation’’, ‘‘denotes something’, ‘‘succeeds in denoting”
and the like for incomplete names that satisfy it. These two
their status is roughly that of variables of the metalanguage rang-
ing over the objects and functions in the universe of the object-

language. They do not occur in asserted propositions of the sys-
tem itself.
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ideas together are what make up the doctrine that incomplete
names have denotation, but denotation that is unsaturated.
Frege never succeeded in giving a clear vindication of either
of them. His attempts to justify the claim that incomplete
names cannot denote objects all resort to metaphor, the meta-
phors all break down as unsupported metaphors must, and we
are left with the plea that one can only ‘hint’. And the attempts
to justify the other claim, that incomplete names must nonethe-
less have denotation, consist entirely of assertions that the
contrary is unthinkable.

Although I believe that a justification for both claims in a
generally Fregean spirit can be given, it would take us suffi-
ciently beyond what is actually to be found in his writings to
render it an intrusion in an editorial Introduction, and so it
seems best to defer it for another occasion?®, Let us therefore
proceed on the assumption that just as, if a complete name A
satisfies the second condition mentioned above, we are enti-
tled to express this fact in the form

“‘there exists an object that A denotes,”’
so also, if an incomplete name B satisfies the first condition
mentioned above, we are entitled to express this fact in the
form
“there exists a function that Bdenotes.”

It is indisputable that this assumption is held by Frege, what-
ever we may think of his attempts to substantiate it. And let
us also assume, as he does, that if the first condition for the
having of denotation is appropriate to a name—if the name is an
incomplete name-then the second condition is not appropriate
to it, and conversely, that if the second condition for the having
of denotation is appropriate to a name—:if it is a complete name—
then the first condition is not appropriate to it. This assump-
tion is made by Frege in the form: an incomplete name cannot
denote an object but only a function, and a complete name can-
not denote a function but only an object; but our formulation is
preferable in that it expresses the distinction in terms of two
manners in which names may have denotation, rather than two
types of ‘entity’ that names may denote. The latter idiom is
responsible for much of the obscurity surrounding the denotational

281t jsdiscussedin my forthcoming paper, **Two Typesof Denotation?’.
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semantics of incomplete names, 2°

On these assumptions, then, we shall talk of functions as de-
noted by incomplete names, the circumstances under which an
incomplete name denotes a function being as specified above.
We shall also use Frege’s terms ‘‘argument’’ and ‘‘value’’ for
the denotations of the completing complete name and the result-
ing complex complete name respectively. The specifieation re-
quires that an incomplete name be defined, or explained, for
every object whatever as argument3?; thus this requirement is
not, as is sometimes thought, to be viewed primarily as a re-
quirement of ‘scientific precision’, but stems from the manner
of denoting appropriate to such names.

The incomplete names that we have so far considered are
those that Frege calls names of first-level functions: functions
whose arguments are objects (or arguments of type 1). Not only
must such names (to denote) result in a denoting complete name
upon completion by any denoting complete name; but moreover,
the only names by which they are appropriately completed are
complete names; the result of completing an incomplete name of
this sort with an incomplete name is not a complete name. Thus
names of first-level functions are defined over all objects, and
also over objects only.

A first-level function whose value for every object as argu-
ment is a truth-value is a first-level concept; an incomplete
name denoting a concept is a concept-word. Typically, since
sentences are regarded as complete names, a concept-word

M1 is partially responsible for the apparent paradox, ‘‘the conoept
horse is not a concept’’, which Frege notoriously attempted to shrug
off in ““Uber Begriff und degenstand.” A related symptom of the same
difficulty oocurs below, p. 37, note 12. It should be stressed here that
our esohewal of the word ‘‘entity’’ is meant to attenuate a souroe of
phtlosophical confusion, consisting in a certain pioture of what any-
thing called ‘‘denotation’’ has to be; it need not prevent us from deal-
ing with higher-order quantification. This is explained further in the
peaper cited in note 28.

30In the form cited above, the requirement is wesker than this: that
the inoomplete name be defined for every objeot a complete name of
whioh is formable in the language. It can be argued that this restrio-
tion is not in fact so confining as it may look; alternatively, one could
extend the specification to include oompletion by variables as well as
nemes.
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would be the incomplete name resulting from removal of a com-
plete name from a sentence. For first-level concepts the re-
quirement that they be defined or explained for every object
whatever as argument is thus the requirement that for any com-
pletion by a denoting complete name, the result be a complete
name denoting either the True or the False. This is also de-
scribed as the requirement that the Law of Excluded Middle
hold for them, or, less happily, that concepts must ‘have sharp
boundaries’. 3!

We have confined ourselves to incomplete names that result in
complete names upon completion by a single complete name:
incomplete names denoting a function of one argument. Incom-
plete names denoting functions of two or more arguments are
treated along the same lines; in practice Frege has no need for
functions of more than two arguments (which is why only two
gap-holders, ‘£’ and '‘{, are required for incomplete names
denoting first-level functions). A first-level function of two ar-
guments whose value is invariably a truth-value is a first-level
relation; an incomplete name denoting a relation is a relation-
word.

We can approach the differentiation of functions according to
level by widening our notion of a complex complete name: al-
lowing a complex complete name to be a complete name having
a name (but not necessarily a complete name) as a proper part.
Certain incomplete names, i.e., first-level-function-names?®32,
form complex complete names only upon completion with com-
plete names; the next class of incomplete names consists of
those that form complex complete names only upon completion
with first-level-function-names, and incomplete names in this
class denote second-level functions. An incomplete name of
this kind has a denotation if the result of completing it with a
denoting first-level-function-name is invariably a denoting com-
plete name. If this result is invariably a name of a truth-value
then the incomplete name denotes a second-level concept. As
in the first-level-function-name

uq,(f)n 83 ,

31 ess happily because the phrase again carries connotations of

‘scientific precision’ (versus, say, vagueness), which is not the point.
337he terminology is not Frege's, but naturally suggests itself.
330n the use of Greek capitals, cf. note 27 above.
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the letter **£” is a gap-holder for a complete name, so in the
second-level-function-name

“QB((.S(B))”,

the letter ““é’’ is a gap-holder for a first-level-function-name;
‘¢’ is also so used. The second ‘8’ is a portion of the
second-level-function-name placed so as to be ringed by the gap
in any first-level-function-name occurring as name of an argu-
ment; it is keyed to the earlier subscript **3* in a manner sug-
gested by the relation of an occurrence in the context following
a variable-binding operator of a variable bound by that operator,
to the occurrence of that variable in the operator itself,34

The most conspicuous incomplete names of this sort are the
quantifiers: the universal quantifier denotes a certain second-
level concept, whose value is the True if the argument is a first-
level function having the True as value for every argument (i.e.,
if the argument is a first-level concept under which every ob-
ject falls); for a first-level function as argument that does not
satisfy this condition, the value of the second-level concept
is the False.

Here a few fine points may be mentioned. The name “‘~&~®(a)"
denotes the value of this second-level concept, named

e a é(a)” y

for the argument ®(£); here the Gothic letter ‘“a’’ discharges the
office of a bound variable, but in Frege’s schematism it is a
syncategorematic piece of the function-name *‘~&-¢(a)’’ and has
no meaning of any kind whatever in isolation. (Frege once 3’
ascribes to such letters the type of meaning that belongs to free
variables (Roman letters) in his system, but this is a slip.)
Thus variables are not ‘bound’ by quantifiers; instead of this
they disappear entirely and are supplanted by inseverable parts
of a certain second-level-concept-word. (Forthis reason Peano's
term ‘‘apparent variable® is perhaps better suited to describe
the Gothic letters than Hilbert’s ‘‘bound variable’’.) Again,

341 fact, second-level-function-names are the exact analogues of
(first~order) variable-binding operators, save for being names and not
syncategorematic expressions; cf. 2 above. They are replaceable by
free variables (‘marks’); the Roman letter ‘‘¥’* is used for this pur-
pose.

35

Cf. p. 66 below,
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there is no ‘vacuous’ quantification ‘‘for all z, P’ *‘2' not

free in P; for a second-level function cannot take an object (for
instance, a truth-value) as argument. On the other hand, such
curiosities are possible as ‘‘for all z, 2’; this is the value of
the second-level concept in question for the first-level function
£, the first-level function whose value for every object as argu-
ment is that object itself3®; since the value of the latter func-
tion is not the True for every argument, it follows that ‘‘for all
z, '’ denotes the False. (Therefore ‘‘it is not the case that for
all 2z, 2*° denotes the True.) It might also be mentioned that
this approach to quantification facilitates a perspicuous expla-
nation of the so-called ‘confinement laws’, such as the equi-
valenceof “(2)(F(z)» P)** and ‘“(dz)F(2) » P87,

Second-level functions QB(d)(B)) whose arguments are first-

level functions of one argument are said to take arguments of
type 2; second-level functions

Q )
B,y(d’(ﬂ )

whose arguments ¥(&,¢) are first-level functions of two argu-
ments are said to take arguments of type 3. As monadic quanti-
fication enters with the former, so multiple quantification enters
with the latter, since among ‘arguments of type 3’ are first-level
relations.

The interpretation of theorems of the first-order predicate cal-
culus is then this: each such theorem asserts of every first-
level function (of one or more arguments, as the case may be)
that it satisfies a certain second-level condition; in Fregean
idiom, it asserts that every first-level function ‘falls within’ a
certain second-level concept, named by a more or less complex
second-level-concept-word, Thus such a theorem as

“p 2P - P\
(T Terra)

as we might write it,
“(2)(F(2) » P) « (A2)F(z) » P)”,
asserts of every first-level function of one argument F(£) that it

36ct, p. 81 below. This does require us to delete the word *‘proper”’
from our prior characterization of an incomplete name, above, p. xiv.

F(a) = F(a) = Cf. below, p. 67.
v[ F(a) P CF(O)
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falls within the second-level concept

P = P
v[¢(a) .[rTvrqS(a);

again, such a theorem as
(13 < a F(a ¢),’
as we might write it,

(TN F (2,y) » (P(HF (z,9)
asserts of every first-level function of two arguments F(&,{) that
it falls within the second-level concept
e a (}S(a,e)
Slm @(a,e).

Aside from the quantifiers the only other names of second-
level functions that figure in the book are the names ‘‘¢ ¢(e)”’
and *‘&é ole,a)’’, of which the former is supposed to denote that
second-level function whose value for each first-level function
(of one argument) as argument is the course-of-values of that
first-level function, and the latter is supposed to denote the
analogous second-level function taking first-level functions of
two arguments as argument. Thus these names would be ab-
straction operators®® which, prefixed to a function-name, would
give us a name of the course-of-values of the function: in par-
ticular, prefixed to a concept-word or predicate, would give us
a name of the extension of the concept, or equivalently, of the
class of objects of which the predicate was true. This inter-
pretation breaks down due to inconsistency; in any case further
discussion of it is better postponed for our consideration of
courses-of-values in 6.

The last type of incomplete name introduced comprises names
of third-level functions: in particular, two names of third-level
concepts, concepts taking second-level concepts as argument.
Here the name “J,QBﬂ(B)” denotes the value of a certain third-

level concept, named
“\L#ﬁl(ﬁ)"a
for the argument @ (#(8)). (In the incomplete name mentioned

above, the letter “‘y'’ is a gap-holder for a second-level-func-
tion-name, parallel to ‘¢’ for first-level-function-names and

38Byt cf. note 34 asbove.
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£ for complete names.) An example would be that in which
the second-level function Q_ (4(B)) is the particular second-

level concept ~2-¢4(a), just encountered; the name in question
would then be the name

wdepia).
This third-level concept has as value the True if the argument
is a second-level function having the True as value for every
first-level function (of one argument of type 2) as argument
(i.e.. if the argument is a second-level concept within which
every such first-level function falls): for a second-level function
that does not satisfyv this condition, the value of the third-level
concept i1s the False. Hence the name last mentioned denotes
the False; for not every first-level concept falls within -2~ ¢(a)—
that is, not every concept is such that every object falls under
it. Therefore

‘ot f a e(a)19
denotes the True. On the other hand, the two second-level con-
cepts mentioned two paragraphs back are well-known instances
of second-level concepts within which every first-level function
of the appropriate number of arguments falls. For this reason

oL P o\
(\’[ f(a) Ef(a))
denotes the True; and so does
‘e Z Z Z £(°y¢)”
i fla,e)
which is formed by use of the other third-level-concept-word,
“\gl'ﬂ f(B,y)”’, standing to second-level functions taking ar-

guments: of type 3 just as “\LpB[Z(B)” stands to second-level

functions taking arguments of type 2.

The Gothic letter *‘f’* in these concept-words discharges the
office of what would nowadays be called a bound function-var-
iable; but as with the ‘‘a’’ in quantification over objects, the
“f** is regarded as an inseverable piece of the concept-word
and has no meaning of any kind in isolation,

5

Name and mark. We have surveyed the ‘realm of denotations’
from the standpoint of names denoting these denotations: sim-
ple and complex names of objects, first-level functions and

TV



concepts, second-level functions and concepts, and so on, tak-
ing note also of some further differentiations (for example, be-
tween second-level functions taking arguments of type 2 and
those taking arguments of type 3). Over and above the names
are the Roman marks,or, as we should call them, free variables.
Unlike the Gothic letters, the Roman letters do have meaning of
a certain kind in isolation: but their role is not to denote, as
names do, but rather to indicate indefinitely or ambiguously
(unbestimmt andeuten). What this means is expressed in more
recent terminology by saying that to a Roman letter is assigned
a range: for a Roman object-mark or mark of an object, the range
is the totality of objects; for a Roman mark of a first-level func-
tion of one argument the range is the totality of first-level func-
tions of one argument, and so on. The objects, or functions, in
the range of a Roman mark are what now would be called
values®® of this Roman mark. Marks, like names, may be sim-
ple or complex; the characteristic case is that in which a com-
plex mark is composed of, say, a simple mark and a function-
name; since Frege uses the Roman lower-case letters ‘‘a"*, ‘5",
‘e, ..., for simple object-marks, an example would be the
complex mark composed of the simple object-mark ‘“‘a’’ and the
function-name “*£+38’’. The complex object-mark ‘‘z +3’* would
have as values®® (Frege says, would indicate indefinitely) the
values of the function £+ 3 for the values®® of the simple object-
mark ‘‘a’’,

Perhaps it is difficult for us to appreciate the liberation that
this conception made possible. For it was customary in Frege’s
day to understand variables as if they denoted or named a var-
table entity (‘variable magnitude’, ‘variable quantity’, or what
not), of which no intelligible account could then be given., In
some quarters such an idea has inexplicitly prevailed even more
recently. Frege not only freed the notion of a variable from its
restriction to ‘magnitudes’ or ‘quantities’, but what is much
more important, laid down a clear conception according to which
the semantical role of a variable was not that of denoting a

890¢ course, this is not the same use of ‘‘value’’ as that in which a
function is said to have a value for & certain argument; in this use it
is an expression of a certain kind that is said to have objects or funo-
tions as values. But there seems to be no other term (though Frege’s
“‘indicate’® could be bent to the purpose).
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varying or indefinite entity, but that of indicating (having as
values®?) the members of a range of perfectly definite entities,
the selfsame entities denoted by the names that could appro-
priately replace the variable.4? Like many great advances, it
seems quite simple now.

6

Function and course-of-values. Concept and extension. The
issues involved in the distinction between function and course-
of-values, concept and extension, are the most difficult in Frege’s
work, and also the most widely misunderstood. An additional,
very large complication is that the theory of extensions is in-
consistent. But before dealing with that matter, we must first
settle the severe problems of interpretation surrounding the
notions in their originally intended form.

The notion of a course-of-values is fairly easily related to
more recent notions as approximately a function-in-extension *!;
thus expressions of the form

TS TR T
encountered in Frege could be read as meaning much the same
as expressions in lambda-notation of the form

ae(ee ez ),

or where the lambda-terminology is defined in terms of class-
terminology, of the form

“3?5(3/ = ‘..3:...)”’
that is, as denoting the class of ordered couples z;y such that

y is the value of the function - .. £--. for the argument . Thus
the name

“éle+ T

would denote a class containing such ordered couples as 0;7,
1;8, 2;9. It must be borne in mind, however, that for Frege the
smooth-breathing abstraction operator which forms course-of-
values-names is primitive, and is not defined in terms of class
abstractionor in anyotherway. On the contrary, what corresponds

4%gince there are function-marks as well as object-marks, we are
here teohnically infringing the policy regarding ‘‘entity’’ adopted on
p. xxvii; this should be regarded as an expository expedient and not
as nullification of the policy. Cf. also note 29 above.

4ict. 2 above,
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in this theory to a class is a species of course-of-values: the
course-of-values of a function whose value for every object as
argument is a truth-value, such a course-of-values being called
the extension of a concept. (If é(...¢...) is the extension of a
concept, then thought of in terms of classes it would be the
class of ordered couples z;y such that y is the truth-value of
z’s falling under the concept -+« £.+.; thus the name
“e(e? = 4),
denoting the extension of the concept square root of four, would
denote a class containing such ordered couples as
2; the True
0; the False
-2; the True
~4; the False,)

From this we see that the notions of a course-of-values and of
an extension are reasonably familiar. The difficulties arise
when we turn to Frege’s conception of the relation between a
course-of-values and the function whose course-of-values it is,
and the relation between an extension and the concept whose
extension it is.

One of the most widespread misconceptions of Frege’s theory
has been the view that the denotation of a function-name (of
what we have called an incomplete name) is a course-of-values;
that for the special case of concept-words, the denotation is the
extension of a concept, Allied with this is the view that where
Frege speaks of a function, or a concept, he intends something
standing to the function-name or concept-word not as its denota-
tion but as its sense*?. Now this certainly is a misconception:
Frege repeatedly insists that (1) the denotation of a function-
name is a function, that of a concept-word is a concept, and that
(2) a function is fundamentally different from a course-of-values
because the latter is an object; likewise the extension of a con-
cept is an object, and objects are totally unlike functions in
being ‘saturated’. This means that the distinction between

42 This interpretation is assumed in Carnap’s Yeaning and Necessity
(Chicago, 1947), pp. 125-127, 130; cf. also Mates, Stoic L ogic (Berke-
ley and Los Angeles, 1953), pp. 20, 24-25; also Wells, ‘‘Frege’s On-
tology,’’ Review of ¥etaphysics, 4 (1950-1951), 537-573; also Quine,
‘“On Frege’s Way Out,’’ ¥Mind, 64 (1955), 145 159.
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function and course-of-values, concept and extension, is meant
to be made within the system at the level of denotation; a func-
tion ®(&) is not the sense expressed by a function-name, nor is
it the sense of anything; it is the denotation of a function-name.
And a course-of-values é®{(¢) is denoted, not by a function-
name, but by a course-of-values-name.

If a course-of-values ¢ ®(¢) does not stand to the correspond-
ing first-level function ®(£) as denotation to sense, then how
are they related? A course-of-values is an object that is deter-
mined, for the function, by what value the function has for every
object as argument; thus two functions whose values for every
argument are the same are said to determine the same course-of-
values, and it is taken also that any two functions that deter-
mine the same course-of-values must have the same values for
every argument. Likewise the extension ¢ ¥(¢) of the concept
¥(¢) is determined by the truth-value, for every object 2, of z’s
falling under the concept ¥(&); if for two concepts precisely the
same objects fall under each, then they are said to have the
same extension, and (as before) conversely.

It is clear from the foregoing that courses-of-values and ex-
tensions are meant to be extensional, in the classical sense in
which sets, for example, are in other theories said to be exten-
sional because they are identical when their members are iden-
tical. It must be clearly understood that in Frege’s theory func-
tions and concepts are also extensional; they are not distin-
guished from courses-of-values and the extensions of concepts
on this ground, but on the ground that courses-of-values and the
extensions of concepts are objects whereas functions and con-
cepts are not. The point is stressed because of the wide cir-
culation of the contrary idea, which runs thus: that the circum-
stance of two functions® having the same value for every argu-
ment, while sufficient to preclude any difference between their
courses-of-values, is not sufficient to preclude difference be-
tween the functions themselves; in the case of concepts, that
the concepts ¥(¢) and X(£) might differ although precisely the
same objects fell under each, and the extensions ¢¥(e) and ¢ X(¢)
were accordingly the same. This is to regard functions and con-
cepts as subject to some stricter or narrower criterion of in-
dividuation than that for courses-of-values and extensions, and
it is this idea that in turn makes it plausible to think of function
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standing to course-of-values as sense to denotation.

Now the notion that functions and concepts are nonextensional
does find apparent confirmation in certain passages in Frege; if
the notion is incorrect these passages must be otherwise ex-
plained. One type of remark runs as follows: from the fact that

S Oa) = P(a)”
denotes the True, we may infer that ‘¢ ®(c)’* denotes the same

(X34

as “¢¥(¢)’’; but we may not infer that
Y

O(&) = P(&).
This creates the impression that the functions may yet differ
where the courses-of-values coincide. Thus, we may not write

“EE-D=(£+ DE-D
or, apparently,
HET1E) = JE- R
And one is tempted to conclude that functions are nonexten-
sional, Another type of passage is illustrated by the remark in
Grundlagen that ‘concepts can have the same extension without
coinciding [zusammenfallen]**’. And again, there is the follow-
ing:
One may perhaps get the impression from these explana-
tions that in the conflict between extensional and inten-
sional logicians [Logiker des Umfangs und [diel des In-
halts] I am taking the side of the latter. In fact I do hold
that the concept is logically prior to its extension, and I
regard as futile the attempt to base the extension of a
concept as a class not on the concept but on individual
things, *3
In the last, the statement that ‘‘the concept is logically prior to
its extension®® has to do with distinguishing an extension from
a collection or agpgregate or sum in the sense of a whole made
up of parts; Frege held that in grasping the notion of an exten-
sion one is inevitably, whether explicitly or tacitly, appealing
to the notion of a concept. What is relevant here is that once
again the relation of extension to concept is apparently being

43For the first case, cf. Grundgesetze, Vol. II, p. 148; for the sec-
ond, cf. Function und Begriff, p. 9.

*4Grundlagen, p. 80.

43 <K ritische Beleuchtung einiger Punkte in E. Schréders Vorle-
sungen iber die Algebra der Logik,” p. 455.
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construed on the model of extensional to intensional.

To see that this appearance is misleading, let us recall the
principle stated in 4 above specifying the circumstances under
which a function-name has a denotation: namely, if every com-
pletion of it by a denoting complete name is a denoting com-
plete name. This is formal mode, concerned with the name’s
having denotation, for what would be expressed in material mode
in terms of a function’s determining a value for every object as
argument: what it is, in the terms of 4, for a function to exist.
A further statement, for the case of concept-words, is this:

A definition of a concept (of a possible predicate) must
be complete; it must specify unambiguously for every ob-
ject whether or not it falls under the concept (whether or
not the predicate is truly assertible of it). Thus there
must not be any object for which the definition leaves in
doubt whether it falls under the concept—although for us
men, with our defective knowledge, the question may not
always be decidable. . . . Any object A that you choose
to take either falls under the concept ® or does not fall
under it; tertium non datur. (Grundgesetze, Vol.II, p. 69).
Now, do these principles differentiate functions with any greater
strictness than their courses-of-values? The answer is that in
themselves they lay down no degree of differentiation whatever,
but they are significant in confirming the general impression
that the whole nature of a function consists in its determining
a value (for concepts, a truth-value) for every object as argu-
ment, and that there is therefore no room for a differentiation
among functions that would not be manifested in any difference
in their values for any object as argument.

It will be helpful to contrast the situation here with that in
Principia Mathematica. In Principia a distinction is made be-
tween so-called propositional functions on the one hand and
classes on the other; in fact, the primitive notation of Principia
is a notation for propositional functions, and that for classes is
introduced into the theory by means of contextual definitions.
A propositional function is apparently supposed to be a function
whose values are (not truth-values but) propositions, entities
somewhat like a Fregean Gedanke.*® Now the class of objects

18Sometimes ‘‘propositional function’’ is used in Principic to mean
an expression: an open sentence or predicate or concept-word, but
this confusion is of no importanc- 0 us here.
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that are f, #f(2), is composed of those objects for which as ar-
gument the value of the propositional function fz is a true propo-
sition. If propositional functions fZ and g¢ have as values true
propositions for exactly the same objects, i.e., if

@ HKz) — g(2),
then the classes 2f(2) and zg(z) are the same, i.e.,

tflz) = £9(z) ;

but it does not follow that the propositional functions are them-
selves the same; for some or all objects a, fla) and g{a) may be
different propositions, though one will be a true proposition if
and only if the other is. Thus propositional functions are much
more finely discriminated among than classes, by way of a finer
discrimination among their values than is afforded merely by the
circumstance of truth or falsehood;*? in this sense classes are
extensional, but propositional functions are not.

For Frege, the finest discrimination among concepts will dif-
ferentiate them no more strictly than their extensions; for their
values are truth-values. And in general, if functions have every-
where the same value for the same argument, so that their
courses-of-values are the same, no way is given of drawing any
further logical distinctions between them. (Cf. also p. 95 be-
low.)

Thus the sole difference between concept and extension, be-
tween function and course-of-values, is the difference of satu-
ration: extension and course-of-values are objects; concept and
function are not. In that case, how are we to explain Frege’s
puzzling remarks cited two pages back? Let us recall once
again the conditions mentioned on p. xxviii in 4 under which
incomplete and complete names respectively are thought of as
denoting. In these terms, if two complete names A and B (in-
cluding course-of-values-names) ‘have the same denotation’, the
situation may be described thus,

there exists an object that both A and B denote;
but what will and must correspond to this for the case of two
incomplete names C and D will be,

4THow much more finely is a question left unanswered in Principia
The description given here is of the first edition; in his Introduction
to the second edition Russell modified the notion of ‘propositional
function’ to make it practically the same thing as Frege’s ‘concept’.

2liz



the completions of C and D by complete names de-
noting the same object (= argument] are always
complete names denoting the same object [= valuel;
and accordingly, as the former circumstance stands to the first-
level relation
6 = Cv
the latter circumstance will stand to the second-level relation
= #a) = ¢¥la).
Thus the explanation is to be found in the fact, noted (although
not fully explored) in 4, that there are irreducibly two manners
in which names may have denotation: one appropriate to com-
plete, the other to incomplete names. The reason why we can-
not infer, for example, from truth of

“e?=1) = &((e+ De=1N"
to something of the form

E -1 = (E+1E-D”
is not that the second might be false where the first was true,
as is possible with the corresponding cases in Principia, but
that the second either makes no sense at all—-employing as it
does a condition appropriate for complete names having the
same denotation where what is needed is the quite different
second-level condition for incomplete names—or else denotes
not a truth-value at all, but a first-level concept under which
every object falls, (The same considerations would rule out
even, e.g.,

C(E2-1) = (£2-1),

if the difficulty were the nonextensionality of functions, we
should expect this test at least to be one that the most ultra-
intensional of entities could pass.)

The reason why ‘concepts can have the same extension with-
out coinciding’ is the same: the word ‘‘coincide’’ [zusammen-
fallenlis used exclusively for the relation of identity appropriate
to objects4®, a relation in which the denotations of concept-
words—even of concept-words that ‘have the same denotation’ in

48‘‘Zu.sarmnen/’allen’’ characteristically occurs when Frege is ex-
plaining his use of ‘‘Gleichheit’” to mean the same as ‘‘/dentitit’’,
conceivable only for objects. Cf. “Uber Sinn und Bedeutung,'’ p. 25,
note, Frege’s Introduction below, p. 6, and the passage quoted in the
next paragraph.
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the manner appropriate to them—cannot stand.
All of this is confirmed by the following passage:
For the mathematician, a definition of conic section as
line of intersection of a plane with the surface of a cir-
cular cone is no more right and no more wrong than a def-
inition of it as plane curve with an equation of the sec-
ond degree in Cartesian cobrdinates. Which definition he
chooses—one of these two, or some other again—depends
entirely on reasons of suitability to his particular pur-
poses, although these expressions neither have (= ex-
press] the same sense nor evoke the same ideas or im-
ages. [ do not mean by this that a concept and the ex-
tension of a concept are one and the same; rather, coin-
ciding in extension is a necessary and sufficient criterion
for the holding between concepts of the relation corres-
ponding to identity for objects. (Identity does nat in fact,
properly speaking, hold for concepts.) Let me remark here
that 1 use the word ‘‘identical’® [gleick], unless other-
wise specified, in the sense of ‘‘not different’’, ‘‘coin-
ciding’’ (zusammenfallend], ‘‘identical”’ [identisch].*®
Thus far we have been considering the relation of concept and
extension as Frege conceived it prior to 1902 and the news of
the contradiction; now let us attend briefly to his reaction to
that, as recorded in the epilogue to the second volume of Grund-
gesetze translated here as Appendix II. We observed in 2 above
that the inconsistency proves to arise from the simultaneous
maintaining of the two theses, (1) that to every first-level con-
cept ®(&) there answers a certain object ¢d(e) standing to it
as extension, whose identity-condition is that provided in Basic
Law V, namely,

(¢ (e = agla)) = (<2~ fla) = gla)),
and (2) that this object is a full-fledged or ‘proper’ object, mean-
ing that it is an admissible argument for any first-level concept
whatever.

In assessing the situation Frege was aware that setting it
right meant revoking or modifying at least one of these. To re-
voke the second thesis would be to move toward a theory of
types for extensions; Frege considers this idea but rejects it,

49Frege‘s review of Husserl’s Phtlosophie der Arithmetik, p. 320;
italics mine.
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for reasons that he does not succeed in making wholly clear,

although it is clear enough that it would entail a vast compli-

cation of his theory and invalidate most of the proofs as origin-

ally given. Thus we turn to the first thesis. This may be ap-

proached in various ways. One is, to confine its applicability

to something less than ‘every first-level concept’, thus ruling

that not every concept f determines an extension, or (in differ-

ent words) is subject to the principle of class abstraction
A2 Az) >z ey,

although it may still be allowed that two concepts determine the

same extension under the circumstances specified in Basic Law

V if they determine extensions at all. The problem is then to

supply a general characterization of the category of concepts

regarded as susceptible to abstraction, the rest being immune,
construing this category as liberally as practicable without in-
consistency. This general attitude has been the genesis of
aziomatic sel theory, and alternative methods of specifying the
category in question have led to the development of a very wide
field under continually more intensive cultivation since Zer-

melo initiated the approach in 1908.

But Frege's approach to the first thesis is rather different, in
an interesting way. It emerges from his discussion of the para-
dox, much more clearly (or at any rate more forcibly) than it has
at any point before, that he has been thinking of Basic Law V
-as reflecting a situation of the following kind: there is a cer-
tain second-level function that assigns to each first-level con-
cept (i.e., that has as value for each first-level concept as ar-
gument) an extension, and this second-level function assigns
the same extension to two concepts if and only if precisely the
same objects fall under each.’® We thus have two conditions
placed on this second-level function:

(Va) if the first-level concepts ®(¢) and ¥(¢) are such that pre-
cisely the same objects fall under each, the second-level
function assigns them the same extension.

This is no news to us; it merely follows from the extensionality

wsu'ictly, if precisely the same objects fall under each we should
not refer to them as ‘two’, by the previous discussion; from this point
of view, the half of Basic Law V given the name ‘*Va’ is simply a
consequence of the denotation of the whole expression ‘)¢ ®¢)** being
a function of the denotations of the parts ““@{(£)** and ‘¢ $le) .
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of concepts®!. But furthermore:

(Vb) if the first-level concepts ®(£) and W(&) are not such that
precisely the same objects fall under each, then the sec-
ond-level function must assign them different extensions.

Or, equivalently,
if the first-level concept ®(¢) is assigned the extension
E, then for every first-level concept assigned this exten-
sion E, exactly the same objects must fall under it as fall
under ®(¢).

It is this condition (Vb) that is paradoxical; in our present terms

the argument runs thus. Consider the concept

[object that] is the extension assigned some
concept under which it does not fall.

Call this concept Q2(£). The second-level function assigns to

this concept Q(&) an extension. Furthermore, by Vb, for every

first-level concept assigned this extension, precisely the same
objects must fall under it as fall under Q(£). Now we ask wheth-
er this extension falls under Q(£) or does not fall under Q(&); it
must do one or the other if extensions are ‘proper objects’. Sup-
pose that it does fall under Q(£). Then it is the extension as-
signed some concept under which it does not fall. But in that
case, by Vb, it cannot fall under any concept to which it is as-

signed as extension, and therefore it does not fall under Q(&).

On the other hand, suppose that it does not fall under Q(¢).

Then it is not the extension assigned to some concept under

which it does not fall, But in that case, by Vb, it is not the

extension assigned to any concept under which it does not fall,

i.e., it must fall under every concept to which it is assigned as

extension, therefore it falls under Q(&).

Now, to conclude from this that certain concepts (such as
Q(&), for example) should be assigned no extension, as would
be the case in a typical system of axiomatic set theory, would
be in Frege’s eyes to abandon the second-level function ¢é(e);
for functions must be defined over every fitting argument—in
this case we have an ostensible function of one argument of
type 2, which if not defined over every first-level function of
one argument is not a function at all. If we wish at all to have
a theory of extensions, of classes, the function ¢¢(¢) must be
retained, in its full range of applicability to arguments of type 2,

51Gt. note 50 above.
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at all costs.

So instead Frege tries the tack of withdrawing the condition
that two first-level concepts may be assigned the same exten-
sion only if precisely the same objects fall under each. This
means revoking Vb, weakening it to some, thus far unspecified
degree. Frege is painfully aware that the cost of doing so is
the high one of having to abandon the claim that the function
¢ ple) gives as values extensions (or classes) in the received,
or natural, or intuitive sense of the term, and his hope of find-
ing some such function clearly dies very hard indeed. Not only
that, but any tampering with Vb may restore consistency to the
axioms of Grundgesetze only at the cost of invalidating all the
proofs, save for that handful which do not depend upon it; and
with them will disappear the hope of vindicating ‘logicism’, the
theory that numbers are ‘logical objects’, and all the rest of it.
But obviously there is no choice.

In fact, that Vb must be modified appears also from a more
general argument, belatedly dizcovered by Frege in his efforts
of the summer and autumn of 1902 to locate precisely the cause
of the difficulty: an argument showing that quite generally for
any second-level function of one argument of type 2 there exist
first-level concepts for which, as argument, the second-level
function yields the same value V, but which are not such that
precisely the same objects fall under each—namely, V falls
under one and not under the other. If ¢¢(¢) is a function of this
sort, as Frege had imagined, such pairs of concepts would be
assigned the same extension although the condition ~&- &(a) =
Y(a) was not satisfied.

The question is then what weaker condition should be taken
as necessary for coincidence of extension, what exceptions to
the condition =2~ ¢(a) = ¢(a) are permissible. On the basis of
his very hurried analysis of the problem, Frege snatched at the
result just mentioned, applying it to this case so as to assert
that where two concepts determine the same extension without
standing in the relation =&~ ¢(a) = ¢(a), the object falling under
the one and not under the other must invariably be their common
extension and only this. Thus instead of

(Vb) éfle) = dgla) » (@)f(2) o g(2)),
we make the condition this:

éfle) = dgla) » (2)z # éfle) & 2 # agla) » (A2) — gle))).
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And instead of what would correspond to

(1) f(y) — vy ¢ #fla),
we obtain:
(1M y £ 2f(z) » (y e #f(z) — K.

This modification of Vbis enough to block the reasoning lead-
ing to the original Russell paradox. Frege hoped that by it con-
sistency had been restored, but this has proved to be not the
case; the discrepancy from the naive ideal allowed by the emen-
dation of Vb is not enough to prevent new contradictions from
arising®2. Also, as Frege feared, many of the proofs do break
down in the revised system and to all appearances cannot easily
be set right; a conspicuous example is the proof in the first vol-
ume of Grundgesetze that there exist infinitely many cardinal
numbers ®3,

Frege’s specific method of dealing with extensions broke down
because of the paradoxes. On the other hand, this should not
be regarded as discrediting the basic idea behind this method,
which is that of developing a theory of extensions, or classes,
within a higher-order logic (in his terms, within a theory of
higher-level functions and concepts); such an idea does not
seem intrinsically incapable of being combined with safeguards
against the paradoxes so as to produce theories both workable
and interesting.

7

Name (or mark) of a truth-value and assertion. So far we have
discussed two types of expressions: names, which are said to
denote, and marks, which are said to indicate. Expressions of
both these types may be complete or incomplete, simple or com-
plex; but the basic differentiation of semantical role, paralleled
by distinctness of types of expression, is supposed to be that
between denoting and indicating. Now we must consider a third
semantical role, thus far left out of account: that of asserting
as true; this is played by a third category of expression known
as asseriions.

In order to make the desired comparisons, let us adopt a

52¢f. Sobocihski, “‘L’Analyse de l’antinomie russellienne par Les-
niewski,'* Yethodos, 1 (1949), 220-228; Quine, op. cit.; Geach, “On
Frege’s Way Out," ¥ind, 65 (1956), 408-409.

38 Grundgesetze, Vol. I, pp. 137-144.
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manner of speaking suggested®*, although not conformed to, by
Frege: saying that by the use of a name that denotes a certain
object, a person designates that object. Thus ‘‘designates”’
would differ from ‘‘denotes’’ in referring, not to a semantical
property of an expression—the property, for example, that be-
longs to a complete name A if there exists an object z such that
A denotes z—but rather to a certain use made by a person of an
expression with respect to the denotation of that expression.
““The Parthenon®’ denotes the Parthenon; but by use of ‘‘the
Parthenon’’ I designate the Parthenon. Now we have been em-
ploying the word ‘‘sentence’’ to mean a name of a certain sort,
namely one that expresses a sense, a thought (Gedanke), and
denotes a denotation, a truth-value. We have also decided to
call the relation borne by the sense expressed by a name to the
denotation denoted by the name, deing a sense o0f.°° That a
certain thought is a sense of a certain truth-value is an objec-
tive fact that obtains independent of human knowledge; a sen-
tence merely expresses this thought and denotes this truth-
value, both of which are antecedently ‘there’. By the use of a
sentence, as hitherto understood, I merely designate the truth-
value—for example, the True—of which the thought expressed by
the sentence is a sense; but I do not thereby assert, and I may
not even know, which truth-value this is. A quite different ac-
tivity is my use of a sentence to assert that the denotation of
which the thought it expresses is a sense Zs the True. This ac-
tivity is what Frege calls judging that something is the case
(urtheilen, dass etwas der Fall se?).

The foregoing is not a definition of ‘‘judgment’, and Frege
holds that a definition is not possible; judgment is sui generis
(etwas ganz Eigenartiges und Unwergleichliches); it is figura-
tively described as ‘the advance from the thought to the truth-
value’, as ‘not the mere comprehension of a thought, but the ac-
knowledgement of its truth’®®. In the late essay ‘‘Die Vernein-
ung’’ occurs the suggestion, ‘we are probably best in accord
with ordinary usage if we take a judgment to be an act of judg-
ing, as a leap is an act of leaping.... Judging, we may say, is

540f. below, p. 35. (But Frege generally uses ‘‘bezeichnen’’ inter-
changeably with ‘‘bedeuten?®’.)

55Cf. 3 above.

38 «Uper Sinn und Bedeutung,’’ pp. 34-35. Cf. below, pp. 37-38.
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acknowledging the truth of a thought.... If a judgment is an
act, it happens at a certain time and thereafter belongs to the
past. With an act there also belongs an agent, and we do not
know the act completely if we do not know the agent.’®” Thus
judgment is like designation, and unlike denoting, in being ir-
reducibly the act of a mind.

Of course the activity of judging, like that of designating, is
not confined to instances of the explicit utilization of a name—
for instance, by writing it down or uttering it aloud—these are
merely conspicuous particular cases of activities that can be,
or could be imagined, carried on without the appearance of any
linguistic expression as intermediary vehicle. On the other
hand, relative to linguistic expressions, the policy of paral-
leling distinct semantical roles by distinct types of expression
dictates that a type of expression should be introduced that
stands to judging as the category of names stands to designa-
ting. Thus we are led to the category of assertions; an asser-
tion is an expression formed from a name of a truth-value by pre-
fixing the assertion-sign or judgment-stroke ‘‘}'’; this sign is
not a name, and not a mark, buta sign of a wholly special kind?33,
Also, a sign beginning with the judgment-stroke is not a name
or a mark. ‘For example, with “‘}2+3 = 5"’ we assert: 2+3 is
identical with 5. Thus here we are not merely inscribing a[name
of a} truth-value, as in **2+3 - 5, but also at the same time
saving that this truth-value 1= the True. (The judgment-stroke
cannot he used to form a functional expression, because it does
not serve in combination with other signs to designate an ob-
ject. ‘‘}2+3 = 5" designates nothing; it asserts something.)’ ®?

Not only is the sign *‘}’’ not a name or mark, nor a constituent
of any name or mark; equally it is not a sign of the metalanguage
appearing in the office of *‘it is provable (or, a theorem) that’’:
it is, rather (like the complex signs prefixed by it), an integral
part of the object-language itself. It differs from all other signs
in the kind of meaning belonging to it; by a name, an object (or
function) is simply singled out by way of a certain sense, i.e.,
as that object (or function) of which the sense expressed by the

5T«pie Verneinung’’, p. 151n.
58¢t. below, p. 82.

59 Function und Begriff, p. 22. Here ‘‘designates’ means the same
as ‘‘denotes’’.



name is a sense; but by an assertion, the sense expressed by
the name to which the judgment-stroke is prefixed is asserted
to be a sense of the True. (This is not a repetition of the con-
trast made three paragraphs back; there we were concerned with
designation versus judgment, two activities; here we are differ-
entiating two types of expression with respect to kind of mean-
ing or semantical role. Also, it is no more a definition of ‘‘as-
sertion’’ than the former was a definition of ‘‘judgment’’,)

An assertion may also be constructed out of the judgment-
stroke and a Roman mark of a truth-value; this case reduces to
one in which the Roman mark is replaced by a name expressing
a universal quantification®?,

The rules of inference are formulated not for names or marks
of truth-values but for assertions, although their informal justi-
fications are carried out in terms of the corresponding names
and marks,

This part of the theory, distinguishing assertions from other
expressions, has certain great attractions; but it is also puz-
zling, It has the wider advantages, not essentially connected
with construing sentences as names, that go in general with
distinguishing between the assertive and nonassertive use of a
sentence; e.g., for dealing with the occurrence of sentences in
sentential compounds, such as negative sentences and condi-
tionals., If sentences express propositions or ‘thoughts’, as
they may be regarded as doing without being regarded as names,
then the propositional compound (called by Frege the Gedanken-
geftige) expressed by a sentential compound cannot be properly
explained if each individual sentence occurring in the senten-
tial compound is interpreted as asserting that the thought which
it expresses is frue. These and related matters were very thor-
oughly discussed by Frege in his last published essays, in
which, however, the notions of denotation and of name had re-
ceded remarkably into the background®'. In the narrower sense
directly relevant to Grundgesetze, the distinction is what makes
it possible to press the analogy between sentences and names,
the advantages of which have already been discussed. Other-
wise we should find ourselves repeatedly blocked by the fact

80Cf, above, s, and below, p. 90.
§1The essays are ‘“‘Der Gedanke,” ‘‘Die Verneinung,'' and ‘“‘Ge-
dankengefiige.’’
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that precisely what differentiates sentences from other expres-
sions is the fact that they can be used to assert something, a
use in which the analogy with names is much less persuasive,

But there is a puzzling aspect relating to the status of false
assertions, in the sense of thoughts assertively declared to be
thoughts of the True that are in fact not so. If judging is an
act, then, like other acts, it can be performed well or badly; in
our attempts to designate the True our aim is sometimes inac-
curate where yet we claim (wrongly yet in good faith) that we
have succeeded. Of course, this much is obvious; and Frege
never claims that assertion is infallible. The difficultyis rather
that the notions of truth and falsehood seem to be turning up
twice over in the theory, once within the domain of individuals
in the guise of the ‘logical objects’ the True and the False,
and then again at a different level as success versus failure,
commendable versus exceptionable execution, of the act of as-
serting: and whatever may be said of either of these separately,
it certainly is not clear offhand how they bear upon each other,
nor whether separately or together they constitute a satisfac-
tory explication of the notions of truth and falsehood that we
are ordinarily accustomed to employ. %2

A second, related point is this. The Fregean notion of judg-
ment singles out one particular species of names, i.e., names
denoting the True, and introduces relative to them a certain ac-
tivity, that of judging or asserting; now it may be wondered why
it is that the True, among all objects, is accorded this special
treatment—why, for example, it would not be equally reasonable
to introduce a sign to be prefixed to expressions denoting the
number 9, signalizing the agent’s ‘advance from the sense to
the denotation® of such expressions, his positing that the sense
expressed by the expression is a sense of the number 9. The
obvious retort is that the theory simply presupposes our interest
in truth, and since in the theory true sentences, like all sen-
tences, are names, the theory is simply reflecting this prior in-
terest of ours by introducing an activity of ‘advance from sense
to denotation’ relative to these names rather than others; but
that the theory should not be expected to furnish us with an

82 A similar point is made by Dummett in ‘‘Truth,'’ Proceedings of

the Aristotelian Society (1958-1959), 141-162, to which I owe the
phrasing of the last clause,
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explanation of this prior interest. This response has some
merit: one should not ask that the theory explain our addiction
to what within it assumes the guise of designating the True;
but the difficulty is that it is not clear how any explanation
whatever could be given that from the standpoint of the theory
would not appear completely ad Aoc; once (if ever) we are thor-
oughly persuaded of the propriety of taking the True to be one
object among others (and certain sentences to be its names),
then to the degree of our persuasion the sudden preéminence
into which it is thrust by the advent of assertion will be to that
degree difficult for us to understand, given what has gone be-
fore. There is nothing wrong with holding that ‘assertion is
sut generis’, but there appears to be a sense in which the True
is also sui generis of which the theory is not giving us a com-
plete account®?,

It remains to offer some notes on the translation itself.
Unless otherwise indicated, I have used the following render-
ings:

andeuten indicate
Anzahl Number
ausdriicken express
bedeuten denote
Bedeutung denotation
bedeutungsvoll (attributive) denoting
[ist] bedeutungsvoll (predicative) succeeds in denoting
Begriff concept
Begriffsschrift Begriffsschrift
behaupten assert
Behauptuny assertion
beiderseits eindeutiy one-one
besagen assert
bezeichnen designate
Beziehung relation
eindeulig many-one

63 The feeling that there exists an unsolved difficulty at this point
does not seem to be widely shared; but Dummett’s paper, just cited,
evinces an appreciation of it. Perhaps there is also a hint in Godel’s
essay, ‘‘Russell’s Mathematical Logic’’, in Schilpp (ed.), The Phil-
osophy of Bestrand Russell (New York, 1944), at pp. 129-130.
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Erfulltsein [der Begriffel realization [of concepts]

Function function
Gegenstand object
Gleichung equation, identity
gleichzakhlig equinumerate
Gleichzakligkeit equinumeracy
Klasse class
Menge set
Merkmal characteristic mark
objectiv objective
Relation extension of a relation
sagen say, assert
Satz proposition
Sinn sense
Stufe level
Umfang extension
Urtheil judgment
vertreten (of small Greek consonants) be a proxy for
vertreten (of courses-of-values) represent
Wendung contraposition
Werthverlauf course-of-values
Zahl number
zugehdrigle Function) corresponding [function]

A few of these renderings require comment.

Anzahl (Number) is the cardinality of the extension of a con-
cept; Zahl (number) is real number. The following passage is
apposite:

liv

Since the Numbers (Anzaklen) are not proportions, we
must distinguish them from the positive whole numbers
(Zahlen). Hence it is not possible to enlarge the realm of
Numbers to that of the real numbers; they are wholly dis-
joint realms. The Numbers give the answer to the ques-
tion, ‘“How many objects.are there of a given kind?*’,
whereas the real numbers may be regarded as numbers
giving a measure, stating how great a magnitude is as com-
pared with a unit magnitude. Many readers may have been
surprised by our formula ‘‘an(bnf)’’, expecting *‘a+1=5"
instead; but the f-relation of a Number to its immediate
successor is different from the relation ¢+1={¢. The



former holds only between Numbers; the latter is not even
confined to the positive whole numbers, so that we can be
conducted by means of its converse from the positive
whole numbers back over zero and arrive at the negative
numbers, whereas a retrogression backward past the Num-
ber 8 is not possible, (We could not have introduced the
plus-sign at any such earlier point without defining it in-
completely and piecemeal, thus violating our first prin-
ciple of definition.) Accordingly, we also distinguish the
Numbers 8 and 1 from the numbers 0 and 1 (Grundgesetze,
Vol. II, pp. 155 E£.).

The device of the capital **N’* in ‘“‘Number’’ for ‘‘Anzahl®’ is

borrowed from Austin’s translation of Grundlagen, p. 2e.

“Begriffsschrift’® (literally, ‘‘concept-writing’’) is taken over
directly because it is not only a word for a notation (in which
case ‘‘symbolism® or ‘‘ideography’’ might have served), but
also the name of a particular system of logic; not only a formal-
ism, but a formalism together with a particular and distinctive
semantical interpretation. Sometimes Frege uses it to mean
only a notation, but more frequently in the more specific sense.
Rather than translate (e.g.) ‘‘symbolism”’ in the one case and
(e.g.) ‘‘system of logic’’ in the other, I have opted for uniform-
ity.

It should be observed that the German words rendered ‘‘ob-
ject” and ‘‘objective’’ are not connected in etymology or in
Frege's mind. Concepts are fundamentally different from o0b-
jects; but they are objective, i.e., not subjective or private to a
particular thinker®4,

“Relation” is introduced for ‘‘Umfang ciner Beziehung’’ in
Volume II of Grundgesetze®®; in the portion of the book trans-
lated here it occurs only in Appendix Il dealing with the Russell
paradox.

The rendering of ‘‘Satz’’ presents great difficulties. In var-
ious contexts it can mean sentence, theorem, proposition, clause.
In some of Frege's other writings (of 1891 and later) he uses it
for that variety of expression (name) which, for him, denotes a
truth-value; in such cases ‘‘sentence’ would be appropriate. In
this work, however, ‘‘Satz’’ is almost without exception applied

84] am indebted to Geach and Black, p. ix, for this way of phrasing
the distinction.
83p. 160.
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to expressions with a judgment-stroke prefized, and (as we saw
in 7) such expressions, for Frege, are not names. ‘‘Assertion”’
might then be considered, yet it seems that ‘‘Satz’’ ought to be
rendered differently from ‘‘Behauptung®. ‘‘Theorem’’ is ruled
out as both too wide and too narrow: too natrow because Frege
applies ‘“Satz’’ quite generally, and not merely to theorems of
his logical theory; too wide because, for example, in his dis-
cussion of the Russell paradox where he shows that a self-con-
tradictory statement can in fact be derived from the axioms,
Frege gives the derivation informally and does not prefix the
suspect expressions with the judgment-stroke, apparently on the
ground that although they are indeed (unhappily) theorems, he
does not believe that they are true, Thus we are forced onto
‘‘proposition’’, Some later writers have used this word for the
sense expressed by a sentence, Frege's (edanke. Therefore
the reader must take care here to understand ‘‘proposition’’ in
something nearer to its vague English meaning of ‘‘a propound-
ing*’.
translator little choice.

““Lehrsatz’’ may, however, be rendered ‘‘theorem®’.

“Werthverlauf’ is rendered ‘‘course-of-values’’, rather than
‘‘range’’ or ‘‘value-range’”, because the word ‘‘range’’ has an
established English usage different from Frege’s use of “‘Wertk-
verlauf’’. The range of a function F is said to be the class of
objects y such that there is an object z such that F(z) = y. But
the Werthverlauf of a function F is most nearly represented in
class terminology as the class of ordered couples z;y such that
F(z) = y.%® Hence a different English word must be chosen for
“Werthverlauf'’.

A word must be said about the typefaces, since distinctions of
typeface are an essential part of the symbolism. After unrecall-
able arrangements had been made for composing the book, it
proved that Gothic letters (Frege’s deutsche Buchstaben) were
not available; the nearest available face was script letters ‘‘a’’,
“f**, etc., which accordingly have been used instead. There-
fore where the words ‘‘Gothic letters'’ occur in the text, they
must be understood as referring to script letters. The reader
must also take care not to confuse the lower-case Greek alpha

The situation is unsatisfactory, but Frege has left the

66Cf. above, 6. The representation in class terminology is only
approximate,
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““a’* with the lower-case Roman ‘‘a’’, for example at such places
as the definition on p. 92.

Frege’s practice is to use displayed text for clarity when ap-
propriate, but not autonymously; the use of quotation marks to
signalize the mention as opposed to the use of expressions ap-
plies to displayed as well as to running text. I have followed
him in this, and in general have used double quotation marks in
mentioning expressions, I have used single quotation marks in
the sense of ‘scare-quotes’, as illustrated in the present sen-
tence. Page-references within the compass of what is trans-
lated here have been tacitly altered to the present pagination;
other references remain unchanged.

Small slips and misprints have been corrected. Where possi-
ble the correction has beenindicated by the use of square brack-
ets; a list of corrections not accounted for in this way will be
found at the end of the volume.

In the text, Frege's footnotes are numbered; the editor’s are
marked by asterisks.

Finally, mention should be made of previous translations par-
tially overlapping the present one. A translation of most of the
author’s Introduction and §§0-7 of the first volume of Grund-
gesetze was made by P. E. B. Jourdain and J. Stachelroth and
published in three installments in The Monist between 1915 and
1917; Geach and Black took over a portion of this version with
some modifications in their subsequent anthology, cited in the
bibliography below. This translation is not of good quality and
the corresponding portions in the present version are wholly
fresh. Also in Geach and Black is Geach's translation of parts
of Frege’s epilogue to the second volume, which is translated
here in toto as Appendix II. Although much superior to the other
extract, Geach’s version was ill-suited for inclusion here in not
being complete, and also in its omission of all of Frege’s sym-
bolism, the formulas being supplanted by Geach’s renderings of
them into English words. Accordingly this too has been done
afresh, although I have sometimes followed Geach’s phraseology
where I could. The rest of the material here translated, amount-
ing to about seventy percent of the total, has never previously
been done into English.

Los Angeles, August, 1964
Montgomery Furth
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Bibliovgraply of works by Frege cited in the Introduction

Three collections of Frege’s essays have appeared:

Translations from the Philosophical Writings of Gottlob
Frege, edited by Peter Geach and Max Black. Oxford:
Basil Blackwell, 1952; 2d ed. (with corrections), 1960.

Funktion, Begriff, Bedeutuny: Fimf logische Studien von
Gottlob Frege, herausgegeben und eingeleitet von Gin-
ther Patzig. Gottingen: Vandenhoeck und Ruprecht,
1962.

Logische Untersuchungen von Gottlob Frege, herausge-
geben und eingeleitet von Giinther Patzig. Gottingen:
Vandenhoeck und Ruprecht, 1966.

Works by Frege cited in the Editor’s Introduction, including
subsequent reprintings and English translations, are as follows,
in chronological order of original publication:

Begriffsschrift, eine der arithmetischen nachgebildete Formel-
sprache des reinen Denkens. Halle a/S., 1879; reprinted
with supplements, Hildesheim: Georg Olms Verlagsbuch-
handlung, 1964. Translation of a portion is in Geach and
Black. Translation also announced in J. van Heijenoort,
ed., Source Book in Mathematical Logic, 1879-1931, Cam-
bridge, Mass.: Harvard University Press, 1966.

Die Grundlagen der Arithmetik, eine logisch-mathematische
Untersuchung iber den Begriff der Zahl. Breslau: Verlag
Wilhelm Koebner, 1884. Reprinted at Breslau: Verlag M.
& H. Marcus, 1934, and at Hildesheim: Georg Olms Ver-
lagsbuchhandlung, 1961. An English translation, The
Foundations of Arithmetic, was made by J. L. Austin and
published with the German text on facing pages (Oxford:
Basil Blackwell, 2d rev. ed., 1953). An edition of the
English version alone has appeared (New York: Harper
Torchbooks, 1960).

Function und Begriff. An address to the Jenaische Gesell-
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Note to the Second Printing

Minor flaws and errors have been corrected for the second
printing of the book and its issuance in paper covers; I am
especially indebted to Mr. Peter Geach and Mr. Robert H.
Stoothoff for helpful suggestions. The opportunity has also
been taken to update the bibliography to the Editor’s Introduc-
tion. A new footnote on page 140 grew from a point first made
to me by Geach.

Los Angeles, August, 1966
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INTRODUCTION

v In this book there are to be found theorems upon which arith-
metic is based, proved by the use of symbols, which collectively
I call Begriffsschrift. The most important of these propositions
are collected at the end, some with translation appended. It
will be seen that negative, fractional, irrational, and complex
numbers have still been left out of account, as have addition,
multiplication, and so on. Even the propositions concerning
Numbers are still not present with the completeness originally
planned; in particular, the proposition is still lacking that the
Number of objects falling under a concept is finite if the Num-
ber of objects that fall under a superordinated concept is finite.
External circumstances have caused me to reserve this, as well
as the treatment of other numbers and of the arithmetical opera-
tions, for a later installment whose appearance will depend upon
the reception accorded this first volume. What I have offered
here may be sufficient to give an idea of my method. It might
be thought that the propositions concerning the Number ‘Infi-
nite’ could have been omitted; to be sure, they are not neces-
sary for the foundation of arithmetic in its traditional compass,
but their derivation is for the most part simpler than that of the
corresponding propositions for finite Numbers and can serve as
preparation for it. Other propositions occur which do not treat
of Numbers, but which are needed for the proofs; they treat, for
example, of following in a series, of the many-oneness of rela-
tions, of relative products and of ‘coupled’ relations, of map-
ping by means of relations, and the like. Perhaps one might
assign these propositions to an enlarged theory of combination.

The proofs are entirely contained in the paragraphs entitled
“Construction’’, whereas the paragraphs entitled ‘‘Analysis®
are meant to facilitate understanding by providing rough prelim-
inary outlines of the proofs that follow them. The proofs

INumber of a denumerably infinite set.



themselves contain no words but are carried out entirely in my
symbols; they appear as sequences of formulas separated by
solid or broken lines or other signs, Each of these formulas is
a complete proposition including all of the conditions necessary
to its validity. This completeness, not permitting the tacit at-
tachment of presuppositions in thought, seems to me indispen-
sable for the rigor of the conduct of proof.

The advance from one proposition to the next takes place ac-
cording to the Rules summarized in §48, and no transition oc-
curs that is not in accordance with these Rules. How, and by
what Rule, an inference is made is indicated by the sign be-
tween the formulas, while the sign terminates a
chain of inference. Here there have to be propositions that are
not derived from other propositions; such are in part the Basic
Laws summarized in §47, and in part the Definitions collected
in a table at the end of the volume with indication of the points
at which they first occur. The need of definitions never ceases
to be apparent in any attempt of this sort. The principles that
must govern the giving of definitions are set out in §33. The
definitions do not really create anything, and in my opinion may
not do so; they merely introduce abbreviated notations (names),
which could be dispensed with were it not that lengthiness would
then make for insuperable external difficulties,

The ideal of a strictly scientific method in mathematics, which
I have here attempted to realize, and which might indeed be
named after Euclid, I should like to describe as follows. It cah-
not be demanded that everything be proved, because that is im-
possible; but we can require that all propositions used without
proof be expressly declared as such, so that we can see dis-
tinctly what the whole structure rests upon. After that we must
tey to diminish the number of these primitive laws as far as pos-
sible, by proving everything that can be proved. Furthermore, I
demand—and in this I go beyond Euclid—that all methods of in-
ference employed be specified in advance; otherwise we cannot
be certain of satisfying the first requirement. This ideal I be-
lieve 1 have now essentially attained. Only in a few points
could one be any more exacting. So as to secure more flexi-
bility and avoid extravagant length I have allowed myself to
make tacit use of the interchangeability of subcomponents (con-
ditions) and of the possibility of amalgamating identical
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subcomponents, and have not reduced the methods of inference
to the smallest possible number. Readers of my Begriffsschrift
will be able to gather from it the way in which here too the
strictest requirements could be satisfied, but likewise, that this
would entail a considerable increase in volume.

Apart from this, I believe, the only criticisms that can justly
be made against this book concern not the rigor but merely the
choice of the course of proof and of intermediate steps. Fre-
quently several routes for a proof are open; I have not tried to
travel them all, and thus it is possible—even probable—that I
have not invariably chosen the shortest. Let him who finds
fault in this respect do better himself. Other matters will be
disputable. Some might perhaps have preferred me to draw the
limits of the permissible methods of inference more widely, thus
attaining greater flexibility and brevity., But we must call a
halt at some point, if the ideal which I have set is approved of
at all—and wherever we do so, people can always say: it would
have been better if more methods of inference had been per-
mitted.

Because there are no gaps in the chains of inference, every
‘axiom’, every ‘assumption’, ‘hypothesis’, or whatever you wish
to call it, upon which a proof is based is brought to light; and
in this way we gain a basis upon which to judge the epistemo-
logical nature of the law that is proved. Of course the pro-
nouncementis often made that arithmetic is merely a more highly
developed logic; yet that remains disputable so long as transi-
tions occur in the proofs that are not made according to acknowl-
edged laws of logic, but seem rather to be based upon some-
thing known by intuition. Only if these transitions are split up
into logically simple steps can we be persuaded that the root of
the matter is logic alone. I have drawn together everything that
can facilitate a judgment as to whether the chains of inference
are cohesive and the buttresses solid. If anyone should find
anything defective, he must be able to state precisely where,
according to him, the error lies: in the Basic Laws, in the Def-
initions, in the Rules, or in the application of the Rules at a
definite point. If we find everything in order, then we have ac-
curate knowledge of the grounds upon which each individual
theorem is based. A dispute can arise, so far as [ can see,
only with regard to my Basic Law concerning courses-of-values
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(V), which logicians perhaps have not yet expressly enunciated,
and yet is what people have in mind, for example, where they
speak of the extensions of concepts. 1 hold that it is a law of
pure logic. In any event the place is pointed out where the de-
cision must be made.

My purpose necessitates many departures from what is cus-
tomary in mathematics. The requirements upon the rigor of proof
inevitably entail greater length; anyone not bearing this in mind
will indeed be surprised at how laboriously a proposition is
often proved here that he believes he can grasp in one single
act of understanding. This will strike us particularly if we com-
pare Herr Dedekind’s work Was sind und was sollen die Zahlen?,
the most thoroughgoing work on the foundations of arithmetic
that has lately come to my notice. In much less space it pur-
sues the laws of arithmetic much farther than is done here. To
be sure, this brevity is attained only because a great deal is
really not proved at all. Frequently Herr Dedekind merely says
that the proof follows from such and such propositions; he makes
use of dots, as in the expression “‘(4, B, C, -+:)'*; an inven-
tory of the logical or other laws taken by him as basic is no-
where to be found, and even if it were, there would be no way
of telling whether no others were actually used; for that to be
possible the proofs would have to be not merely indicated but
carried out, without gaps. Herr Dedekind, like myself, is of the
opinion that the theory of nnmbers is a part of logic; but his
work hardly contributes to its confirmation, because the expres-
sions ‘‘system’’ and ‘‘a thing belongs to a thing’’, which he
uses, are not usual in logic and are not reduced to acknowledged
logical notions. I do not say this as a reproach, for his pro-
cedure may have been the most appropriate for his purpose; I
say it only to set my intention in a clearer light by contrast.
The length of a proof ought not to be measured by the yard. It
is easy to make a proof look short on paper by skipping over
many intermediate links in the chain of inference and merely
indicating large parts of it. Generally people are satisfied if
every step in the proof is evidently correct, and this is permis-
sible if one merely wishes to be persuaded that the proposition
to be proved is true., But if it is a matter of gaining an insight
into the nature of this ‘being evident’, this procedure does not
suffice; we must put down all of the intermediate steps, that the
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full light of consciousness may fall upon them, Mathematicians
generally are indeed only concerned with the content of a prop-
osition and with the fact that it is to be proved. What is new in
this book is not the content of the proposition, but the way in
which the proof is carried out and the foundations on which it
rests. That this essentially different viewpoint calls for a dif-
ferent method of treatment should not surprise us. If one of our
propositions is derived in the customary way some proposition
will easily be overlooked which does not seem necessary to the
proof; yet careful pondering of my proof will, I believe, show
the proposition to be indispensable unless some quite different
route is taken. Then again, in one or another of our proposi-
tions conditions may be found that first strike one as unneces-
sary, but that turn out either to be necessary after all, or to be
dispensable only by means of a proposition that must be espe-
cially proved for the purpose.

With this book I carry out a design that I had in view as early
as my Begriffsschrift of 1879 and announced in my Grundlagen
der Arithmetik of 18842, 1 wish here to substantiate in actual
practice the view of Number that I expounded in the latter book.
The most fundamental of my results I expressed there, in §46,
by saying that a statement of number expresses an assertion
about a concept; and the present account rests upon this. If
anyone is of another view, let him try, using symbols, to base
upon his view an account both consistent and practicable, and
he will see that it does not work. In ordinary language, to be
sure, the situation is not so transparent; but if we attend with
sufficient care we find that here, too, in a statement of number
there is invariably mention of a concept—not a group, or an ag-
gregate, or the like—or that, if a group or aggregate is mentioned,
it is invariably determined by a concept, that is, by the proper-
ties an object must have in order to belong to the group; while
what makes the group into a group, or a system into a system—
the relations of the members to one another—is for the Number
wholly irrelevant.

One reason why the execution appears so long after the an-
nouncement is to be found in internal changes in my Begriffs-
schrift, which forced me to discard an almost completed

2Cf. the Introduction and §§90 and 91 of my Grundlagen der Arith-
metik, Breslau, Verlag Wilhelm Koebner, 1884.



manuscript. These improvements may be mentioned here briefly.
The primitive signs used in Begriffsschrift occur here also,
with one exception. Instead of the three parallel lines I have
adopted the ordinary sign of equality, since I have persuaded
myself that it has in arithmetic precisely the meaning that I
wish to symbolize. That is, I use the word ‘‘equal’* to mean
the same as ‘‘coinciding with’’ or ‘‘identical with’’; and the
sign of equality is actually used in arithmetic in this way, The
opposition that may arise against this will very likely rest on
an inadequate distinction between sign and thing signified. Of
course in the equation *‘22 = 242’ the sign on the left is dif-
ferent from that on the right; but both designate or denote the
same number®, To the old primitive signs two more have now
been added: the smooth breathing, for the notation for the
course-of-values of a function, and a sign meant to do the work
of the definite article of everyday language. The introduction
of the courses-of-values of functions is a vital advance, thanks
to which we gain far greater flexibility. The former derivative
signs can now be replaced by other, simpler ones, although the
definitions of the many-oneness of a relation, of following in a
series, and of a mapping, are essentially the same as those
which I gave in part in Begriffsschrift and in part in Grundlagen
der Arithmetik. But the courses-of-values are also extremely
important in principle; in fact, { define Number itself as the ex-
tension of a concept, and extensions of concepts are by my def-
initions courses-of-values. Thus we just cannot get on without
them, The old signs that appear here outwardly unchanged, and
whose algorithm has also hardly changed, are nonetheless pro-
vided with different explanations. The former ‘content-stroke’
reappears as the ‘horizontal’. These are consequences of a
thoroughgoing development of my logical views. Formerly I dis-
tinguished two components in that whose external form is a
declarative sentence: (1) the acknowledgment of truth, (2) the
content that is acknowledged to be true. The content I called
a ‘possible content of judgment’. This last has now split for

sgleich.

31 also say: the sense of the sign on the right side is different from
that of the sign on the left; but the denotation is the same. Cf. my
essay on sense and denotation in the Zeitschrift fiir Philosophie und

philosophische Kritik, vol. 100, p. 25.
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me into what I call ‘thought’ and ‘truth-value’, as a consequence
of distinguishing between sense and denotation of a sign. In
this case the sense of a sentence is a thought, and its denota-
tion a truth-value. Over and above this is the acknowledgment
that the truth-value is the True. That is, I distinguish two
truth-values: the True and the False, [ have justified this
more thoroughly in my essay on sense and denotation, mentioned
above; here it may merely be mentioned that only in this way
can indirect discourse be correctly understood. That is, the
thought, which otherwise is the sense of a sentence, in indirect
discourse becomes its denotation. How much simpler and sharp-
er everything becomes by the introduction of truth-values, only
detailed acquaintance with this book can show. These advan-
tages alone put a great weight in the balance in favor of my own
conception, which indeed may seem strange at first sight. Also
the nature of ihe function, as distinguished from the object, is
characterized more sharply here than in Begriffsschrift. From
this results further the distinction between first- and second-
level functions. As I have explained in my lecture Function
und Begriff*, concepts and relations are ‘functions’ in my ex-
tended meaning of the term; and so we have to distinguish first-
and second-level concepts, equal-leveled and unequal-leveled
relations.

It will be seen that the years have not passed in vain since
the appearance of my Begriffsschrift and Grundlagen: they have
brought the work to maturity, But just that which I recognize
as a vital advance stands, as I cannot conceal from myself,
as a great obstacle in the way of the dissemination and the ef-
fectiveness of my book. And that which is not its least value,
the rigorous avoidance of gaps in the chains of inference, will,
I fear, win it little thanks. I have moved farther away from the
accepted conceptions, and have thereby stamped my views with
an impress of paradox. An expression cropping up here or there,
as one leafs through these pages, may easily appear strange
and create prejudice. I myself-can estimate to some extent the
resistance with which my innovations will be met, because 1
had first to overcome something similar in myself in order to
make them, For | have not arrived at them haphazardly or out
of a craving for novelty, but was driven by the nature of the

4Jena, Verl sg Hermann Pohle, 1891



case,

With this I arrive at the second reason for my delay: the dis-
couragement that overcame me at times because of the cool re-
ception—or more accurately the lack of reception-accorded by
mathematicians to the writings of mine that I have mentioneds,
and because of the unpropitious currents in scientific thought
against which my book will have to struggle. Even the first im-
pression must frighten people off: unfamiliar signs, pages of
nothing but alien-looking formulas. And so at times I turned to
other subjects. But I could not keep the results of my thinking,
which seemed valuable to me myself, locked up in my desk for
long, and the labor already expended kept requiring new labor
so as not to be in vain. So the subject did not let me go. Ina
case of this kind, where the value of a book cannot be recog-
nized by a quick reading, criticism ought to step in with assist-
ance. But criticism is in general too poorly remunerated. A
critic can never hope to be repaid in cash for the toil that a
deep study of this book sets before him. My only remaining
hope is that someone may have enough confidence in the matter
beforehand to expect in the intellectual profit a sufficient re-
ward, and that he will make public the outcome of his careful
examination. Not that only a laudatory review could satisfy me;
on the contrary, I should far prefer an attack that is thoroughly
well-informed than a commendation in general terms not touch-
ing the root of the matter. I should like to facilitate the work of
the reader who approaches the book with such purposes by
means of a few hints.

So as to gain at the outset a rough idea of the way in which I
express thoughts with my signs, it will be useful to consider
more closely some of the simpler theorems in the Table of More
Important Theorems to which a translation is appended. One
will then be able to conjecture what other theorems, similar to
these but not followed by translation, are intended to assert.
After that one may begin with paragraph §0 and set about
mastering the Exposition of the Begriffsschrift. But my advice
is to begin by acquainting oneself with it rapidly and not to

51n vain do we seek [notice of] my Grundlagen der Arithmetik in the
Jahrhuch iiber die Fortschritte der Mathematik. Researchers in the
same area, Dedekind, Otto Stolz, von Helmholtz, seem not to be aware
of my works. And Kronecker fails to mention them in his essayon
the concept of number,
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delay too long over the discussions of details. Some matters
had to be taken up in order to be able to meet all objections,
but are nevertheless inessential to an understanding of the prop-
ositions of Begriffsschrift. I count among these the second
half of §8, beginning on p. 42 with the words ‘‘If we now set
up’’; also the second half of §9, beginning on p. 44 with the
words “‘If I say generally’’; and the whole of §10. These por-
tions may be skipped entirely on a first reading. The same
holds for §§26 and 28 through 31. On the other hand I should
like to stress as especially important for comprehension the
first half of §8, and also §§12 and 13. A more exact reading
may begin with §34 and continue to the end; one will have to
return occasionally to the §§ previously only skimmed, and this
will be made easier by the index at the end and the Table of
Contents. The derivations in §§49 to 52 can serve as prepara-
tion for understanding the proofs themselves. All of the meth-
ods of inference and practically all of the applications of our
Basic Laws already occur there. After one has reached the end
in this way, he may reread the Exposition of the Begriffsschrift
as a connected whole, keeping in mind that the stipulations
that are not made use of later and hence seem superfluous serve
to carry out the basic principle that every correctly-formed
name is to denote something, a principle that is essential for
full rigor. In this way, I believe, the suspicion that may at first
be aroused by my innovations will gradually be dispelled. The
reader will recognize that my basic principles at no point lead
to consequences that he is not himself forced to acknowledge
as correct. Perhaps then he will also grant that at the outset
he overrated the labor involved, that my gapless procedure even
facilitates understanding, once the obstacle of the novelty of
the signs is overcome. May I be so fortunate as to find such a
reader and judge! for a notice based on superficial perusal can
easily do more harm than good.

Otherwise the prospects of my book are of course slight. In
any event I must relinquish as readers all those mathematicians
who, if they bump into logical expressions such as ‘‘concept’’,
“‘relation’’, ‘‘judgment’’, think: metaphysica sunt, non leguntur,
and likewise those philosophers who at the sight of a formula
cry: mathematica sunt, non leguntur; and the number of such
persons is surely not small. Perhaps the number of
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mathematicians who trouble themselves over the foundation of
their science is not great, and even these frequently seem to be
in a great hurry until they have got the fundamental principles
behind them. And I scarcely dare hope that my reasons for pains-
takingrigor and its inevitable lengthiness will persuade many of
them: what once becomes established indeed has great power
over men’s minds. If I compare arithmetic with a tree that un-
folds upward into a multitude of techniques and theorems while
its root drives into the depths, then it seems to me that the
impetus of the root, at least in Germany, is rather weak. Even
in a work that we should like to count as tending in the latter
direction, the Algebra der Logik of E. Schroder, the top-growth
quickly gains the upper hand even before any great depth has
been reached, the effect being a bending upward and an unfold-
ing into techniques and theorems,

Also unpropitious for my book is the widespread inclination to
acknowledge as existing only what can be perceived by the
senses, That which cannot, people try to deny or else to ig-
nore. Now the objects of arithmetic, i.e., numbers, cannot be
perceived by the senses. How do we come to terms with them?
Simplicity itself! We pronounce the numerical signs to be the
numbers. Then in the signs we have something visible, and
that is naturally the chief thing. Of course the signs have to-
tally different properties from the numbers themselves, but what
does that matter? We simply invest them with the properties we
wish by so-called ‘definitions’. Of course it is a puzzle how
there can be a definition where no question is raised about the
connection between sign and thing signified. So far as possi-
ble we knead sign and thing signified indistinguishably together;
and then we can make assertions of existence on the basis of
tangibility®, or then again bring to the fore the true properties
of numbers, as the occasion requires. Sometimes, it seems, the
numerical signs are regarded as chess pieces and the so-called
‘definitions’ as rules of the game, The sign then does not des-
ignate anything: it is the subject matter itself, To be sure, in
all this one trifling detail is overlooked: namely, that with

8¢ct. E. Heine, Die Elemente der Functionslehre, in Crelle’s Journal,
vol. 74, p. 173: ‘‘As for definition, I adopt the purely formalistic
standpoint; what I call numbers are certain tangible signs, so that
the existence of these numbers is thus unquestionable.’’
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32442 = 52 we express a thought, whereas a configuration of
chess pieces asserts nothing. Where people are satisfied with
such superficialities, of course there is no basis for any deeper
understanding.

It is important that we make clear at this point what definition
is and what can be attained by means of it. It seems frequently
to be credited with a creative power; but all it accomplishes is
that something is marked out in sharp relief and designated by
a name. Just as the geographer does not create a sea when he
draws boundary lines and says: the part of the ocean’s surface
bounded by these lines I am going to call the Yellow Sea, so
too the mathematician cannot really create anything by his de-
fining. Nor can one by pure definition magically conjure into a
thing a property that in fact it does not possess—save that of
now being called by the name with which one has named it.
But that an oval figure produced on paper with ink should by a
definition acquire the property of yielding one when added to
one, I can only regard as a scientific superstition. One could
just as well by a pure definition make a lazy pupil diligent. It
is easy for unclarity to arise here if we do not distinguish suffi-
ciently between concept and object. If we say: ‘a square is a
rectangle in which the adjacent sides are equal’, we define the
concept sgquare by specifying what properties a thing must have
in order to fall under this concept. These properties I call
‘characteristic marks’ of the concept. But these characteristic
marks of a concept, properly understood, are not the same as
its properties. The concept square is not a rectangle; only such
objects as may fall under this concept are rectangles, just as
the concept black cloth is neither black nor a cloth. Whether
there are any such objects is not known immediately from the
definition. Now suppose one defines, for instance, the number
zero, by saying: it is something which yields one when added
to one. In so doing one has defined a concept, by specifying
what property an object must have in order to fall under the con-
cept. But this property is not a property of the concept defined.
People frequently seem to fancy that by the definition some-
thing has been created that yields one when added to one. A
great delusion! The concept defined does not possess this
property, nor is the definition any guarantee that the concept is
realized—a matter requiring separate investigation. Only when
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we have proved that there exists at least and at most one object
with the required property are we in a position to invest this
object with the proper name ‘‘zero’’. To create zero is conse-
quently impossible, I have already repeatedly explained these
things, but apparently without effect”.

From the prevailing logic, too, I cannot hope for any under-
standing of my distinction between a characteristic mark of a
concept and a property of an object®; for it seems to be infected
through and through with psychology. If people consider, in-
stead of things themselves, only their subjective simulacra,
their ideas of them, then naturally all the more delicate dis-
tinctions within the subject matter are lost, and others appear
in their place that are logically completely worthless. And this
brings me to what stands in the way of the influence of my book
among logicians: namely, the corrupting incursion of psychology
into logic. Our conception of the laws of logic is necessarily
decisive for our treatment of the science of logic, and that con-
ception in turn is connected with our understanding of the word
““true’’. It will be granted by all at the outset that the laws of
logic ought to be guiding principles for thought in the attain-
ment of truth, yet this is only too easily forgotten, and here
what is fatal is the double meaning of the word ‘‘law’’. In one
sense a law asserts what is; in the other it prescribes what
ought to be. Only in the latter sense can the laws of logic be
called ‘laws of thought’: so far as they stipulate the way in
which one ought to think. Any law asserting what is, can be
conceived as prescribing that one ought to think in conformity
with it, and is thus in that sense a law of thought. This holds
for laws of geometry and physics no less than for laws of logic.
The latter have a special title to the name ‘‘laws of thought”’
only if we mean to assert that they are the most general laws,
which prescribe universally the way in which one ought to think
if one is to think at all. But the expression ‘‘law of thought®’
seduces us into supposing that these laws govern thinking in
the same way as laws of nature govern events in the external
world. In that case they can be nothing but laws of psychology:

"Mathematicians reluctant to venture into the labyrinths of philoso-
phy are requested to leave off reading the Introduction at this point.

81n the Logik of Herr B. Erdmann I find no trace of this important
distinction.
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for thinking is a mental process, And if logic were concerned
with these psychological laws it would be a part of psychology;
it is in fact viewed in just this way, These laws of thought can
in that case be regarded as guiding principles in the sense that
they give an average, like statements about ‘how it is that good
digestion occurs in man’, or ‘how one speaks grammatically’, or
‘how one dresses fashionably’. Then one can only say: men’s
taking something to be true conforms on the average to these
laws, at present and relative to our knowledge of men; thus if
one wishes to correspond with the average one will conform to
these. But just as what is fashionable in dress at the moment
will shortly be fashionable no longer and among the Chinese is
not fashionable now, so these psychological laws of thought
can be laid down only with restrictions on their authority. Of
course—if logic has to do with something’s being taken to be
true, rather than with its being true! And these are what the
psychological logicians confuse, Thus Herr B. Erdmann in the
first volume of his Logik® (pp. 272-275) equates truth with ‘gen-
eral validity’, and bases this upon ‘general certainty regarding
the object of judgment’, and bases this in turn upon ‘general
agreement among the subjects who judge’. Thus in the end truth
is reduced to individuals® taking something to be true. AllI
have to say to this is: being true is different from being taken
to be true, whether by one or many or everybody, and in no case
is to be reduced to it. There is no contradiction in something’s
being true which everybody takes to be false. I understand by
‘laws of logic’ not psychological laws of takings-to-be-true, but
laws of truth. If it is true that I am writing this in my chamber
on the 18th of July, 1898, while the wind howls out-of-doors,
then it remains true even if all men should subsequently take it
to be false. If being true is thus independent of being acknowl-
edged by somebody or other, then the laws of truth are not psy-
chological laws: they are boundary stones set in an eternal
foundation, which our thought can overflow, but never displace.
It is because of this that they have authority for our thought if
it would attain to truth, They do not bear the relation to thought
that the laws of grammar bear to language; they do not make ex-
plicitthe nature of our human thinking and change as it changes.
Of course, Herr Erdmann’s conception of the laws of logic is

9Halle a S., Max Niemeyer, 1892.
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quite different. He doubts their unconditional and eternal valid-
ity and would restrict them to our thought as it is now (pp. 3875
ff.). “*Our thought’’ surely can only mean the thought of human
beings up to the present. Accordingly the possibility remains
of men or other beings being discovered who were capable of
bringing off judgments contradicting our laws of logic. If this
were to happen? Herr Erdmann would say: here we see that
these principles do not hold generally. Certainly!-if these are
psychological laws, their verbal expression must single out the
family of beings whose thought is empirically governed by them,
I should say: thus there exist beings that recognize certain
truths not as we do, immediately, but perhaps led by some
lengthier route of induction., But what if beings were even found
whose laws of thought flatly contradicted ours and therefore
frequently led to contrary results even in practice? The psycho-
logical logician could only acknowledge the fact and say sim-
ply: those laws hold for them, these laws hold for us, I should
say: we have here a hitherto unknown type of madness, Any-
one who understands laws of logic to be laws that prescribe the
way in which one ought to think—to be laws of truth, and not
natural laws of human beings’ taking a thing to be true—will
ask, who is right? Whose laws of taking-to-be-true are in ac-
cord with the laws of truth? The psychological logician cannot
ask this question; if he did he would be recognizing laws of
truth that were not laws of psychology. One could scarcely fal-
sify the sense of the word ‘‘true’’ more mischievously than by
including in it a reference to the subjects who judge. Someone
will now no doubt object that the sentence ‘‘I am hungry” can
be true for one person and false for another. The sentence, cer-
tainly—but not the thought; for the word “‘I’* in the mouth of the
other person denotes a different man, and hence the sentence
uttered by the other person expresses a different thought, All
determinations of the place, the time, and the like, belong to
the thought whose truth is in point; its truth itself is indepen-
dent of place or time. How, then, is the Principle of Identity
really to be read? Like this, for instance: ‘It is impossible
for people in the year 1893 to acknowledge an object as being
different from itself>’? Or like this: ‘‘Every object is identical
with itself”’? The former law concerns human beings and con-
tains a temporal reference; in the latter there is no talk either
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of human beings or of time. The latter is a law of truth, the
former a law of people’s taking-to-be-true. The content of the
two is wholly different and they are independent of one another;
neither can be inferred from the other. Hence it is extremely
confusing to designate both by the same name, ‘‘Principle of
Identity”’. These mixings-together of wholly different things
are to blame for the frightful unclarity that we encounter among
the psychological logicians.

The question why and with what right we acknowledge a law
of logic to be true, logic can answer only by reducing it to an-
other law of logic. Where that is not possible, logic can give
no answer, If we step away from logic, we may say: we are
compelled to make judgments by our own nature and by external
circumstances; and if we do so, we cannot reject this law—of
Identity, for example; we must acknowledge it unless we wish
to reduce our thought to confusion and finally renounce all judg-
ment whatever. 1 shall neither dispute nor support this view; I
shall merely remark that what we have here is not a logical con-
sequence. What is given is not a reason for something's being
true, but for our taking it to be true. Not only that: this impos-
sibility of our rejecting the law in question hinders us not at all
in supposing beings who do reject it; where it hinders us is in
supposing that these beings are right in so doing, it hinders us
in having doubts whether we or they are right. At least this is
true of myself, If other persons presume to acknowledge and
doubt a law in the same breath, it seems to me an attempt to
jump out of one’s own skin against which I can do no more than
urgently warn them. Anyone who has once acknowledged a law
of truth has by the same token acknowledged a law that pre-
scribes the way in which one ought to judge, no matter where,
or when, or by whom the judgment is made.

Surveying the whole question, it seems to me that the source
of the dispute lies in a difference in our conceptions of what is
true. For me, what is true is something objective and inde-
pendent of the judging subject; for psychological logicians it
is not. What Herr B. Erdmann calls ‘objective certainty’ is
merely a general acknowledgment on the part of the subjects who
judge, which is thus not independent of them but susceptible to
alteration with the constitution of their minds.

We can generalize this still further: for me there is a domain
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of what is objective, which is distinct from that of what is ac-
tual, whereas the psychological logicians without ado take
what is not actual to be subjective. And yet it is quite impos-
sible to understand why something that has a status independent
of the judging subject has to be actual, i.e., has to be capable
of acting directly or indirectly on the senses*. No such con-
nection is to be found between the concepts [of being objective
and being actual], and we can even adduce examples pointing in
the opposite direction. The number one, for instance, is not
easily taken to be actual, unless we are disciples of John Stuart
Mill. On the other hand, it is impossible to ascribe to every per-
son his own number one; for in that case we should first have to
investigate the extent to which the properties of these ones
agreed, and if one person said ‘‘one times one is one’’ and the
next said ‘‘one times one is two'’, we could only register the
difference and say: your one has one property, mine has another,
There could be no question of any argument as to who was right,
or of any attempt to correct anyone; for they would not be speak-
ing of the same object. Obviously this is totally contrary to the
sense of the word ‘‘one’’ and the sense of the sentence ‘‘one
times one is one’’. Since the number one, being the same for
everyone, stands apart from everyone in the same way** itcan
no more be researched by making psychological observations
than can the moon. Whatever ideas there may be of the number
one in individual souls, they are still to be as carefully dis-
tinguished from the number one, as ideas of the moon are to be
distinguished from the moon itself. Because the psychological
logicians fail to recognize the possibility of there being some-
thing objective that is not actual, they take concepts to be ideas
and thereby consign them to psychology. But the true state of
affairs makes itself felt too forcibly for this to be easily car-
ried through. From this there stems an equivocation on the word
‘‘idea’’: at some times it seems to mean something that belongs
to the mental life of an individual and that merges with other
ideas with which it is associated, according to the laws of psy-
chology; at other times it seems to mean something standing
apart from everyone in the same way, where a possessor of the

*The translation reproduces a play upon the expressions ‘‘wirklich?
and ‘‘auf die Sinne wirken?’,

*+It is not possible to reproduce in English the implied play upon
the expressions ‘‘Gegenstand’® and ‘‘gegeniiberstehen?’,
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‘idea’ is neither mentioned nor even tacitly presupposed. These
two uses of the word cannot be reconciled; for those associa-
tions and mergings occur only within the individual mind whose
ideas are involved, and have only to do with something belong-
ing to that mind as idiosyncratically as its pleasure or its pain.
We must never forget that different people’s ideas, however sim-
ilar they may be (which, incidentally, we cannot accurately de-
termine), nevertheless do not coincide but have to be distin-
guished. Every man has his own ideas, which are not those of
any other. Here of course I am understanding ‘‘idea’’ in the
psychological sense. The equivocation on this word obscures
the issue and helps the psychological logicians to conceal their
weakness., When will a stop be put to this? In the end every-
thing is drawn into the sphere of psychology; the boundary that
separates objective and subjective fades away more and more,
and even actual objects themselves are treated psychologically,
as ideas. For what else is actual but a predicate? and what
else are logical predicates but ideas? Thus everything drifts
into idealism and from that point with perfect consistency into
solipsism. If every man designated something different by the
name ‘‘moon’’, namely one of his own ideas, much as he ex-
presses his own pain by the cry ‘‘Ouch’’, then of course the
psychological point of view would be justified; but an argument
about the properties of the moon would be pointless: one person
could perfectly well assert of his moon the opposite of what the
other person, with equal right, said of his. If we could not grasp
anything but what was within our own selves, then a conflict of
opinions [based on] a mutual understanding would be impossible,
because a common ground would be lacking, and no idea in the
psychological sense can afford us such a ground. There would
be no logic to be appointed arbiter in the conflict of opinions.
However, so as to dispel any notion that I am tilting at wind-
mills, I shall demonstrate this helpless foundering in idealism
in the case of a definite book. I choose for this the Logik of
Herr B. Erdmann already mentioned, as one of the most recent
works of the psychological school and not likely to be denied
all importance. First let us look at the following sentence:
‘“Thus psychology teaches with certainty that the objects

of memory and imagination, as well as those of morbid
hallucinatory and delusive ideation, are ideal in their
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nature.... Ideal as well is the whole realm of mathemat-
ical ideas properly so called, from the number-series down
to the objects of mechanics (Vol. I, p. 85).”"

What an assemblage! The number ten shall thus stand on a
level with hallucinations! Obviously what is objective and not
actual is being mixed up here with what is subjective. Some
objective things are actual, others are not. Actual is merely
one predicate out of many and has no more special relevance to
logic than, e.g., the predicate algebraic as asserted of a curve.
Of course by this confusion Herr Erdmann becomes entangled in
metaphysics, however much he struggles to keep clear of it, I
take it as a sure sign of a mistake if logic has need of meta-
physics and psychology—sciences that require their own logical
first principles. In this case then, where is the ultimate basis
upon which everything rests? Or is it like Mtinchhausen, who
pulled himself out of the bog by his own hair? I am pessimistic
about that possibility and conjecture that Herr Erdmann is stuck
in his psychologico-metaphysical bog.

For Herr Erdmann there is no real objectivity; everything is
idea. We may be convinced of this by his own statements; thus
we read,

‘*As a relation between what is ideated, the judgment
presupposes at least two points of reference between
which the relation holds. As an assertion about what is
ideated it requires that one of these points of reference
be determined as the object about which something is as-
serted, as the subject..., and the second as the object
that is asserted, as the predicate... (Vol. I, p. 187)."’
We see here first of all that both the subject about which some-
thing is asserted and the predicate are marked as ‘objects’ or
‘things ideated’. Instead of ‘‘object’ he could just as well
have said “‘thing ideated’’; for we read,
‘‘For objects are things ideated (Vol. I, p. 81).”
But conversely too, everything ideated is an object:
““‘According to its origin, the ideated divides on the one
hand into objects of sense-perception and of self-con-
sciousness, and on the other hand into original and de-
rived (Vol. I, p. 38).”

What arises from sense-perception and from self-consciousness

is certainly mental in nature. The objects, the ideated, and

18

Xx



xxi

hence subject and predicate as well, are thereby assigned to
psychology. This is confirmed by the following passage:
“In general it is either the ideated or the idea, for the
two are one and the same: what is ideated is the idea,
and the idea is what is ideated (Vol. I, pp. 147-148)."
The word ‘‘idea’’ nowadays is as a rule taken in the psycho-
logical sense; that this is Herr Erdmann’s use as well, we see
from the foliowing passages:
‘‘Consciousness accordingly is the general case of feel-
ing, ideating, willing (Vol. 1, p. 35);*

“‘Ideating is a compound of the ideas [in which objects
are given usland passages of ideas [by whichtheseideas
are remembered, combined, or predicatively analyzed ac-
cording to their associative relations] (Vol. I, p. 36).”**
After this, we ought not to be surprised that an object comes
into existence in a psychological way:
““To the extent that a mass of perceptions [e.g., the noise
of a passing carriage], presents the same thing as have
previous stimuli and the excitations triggered by them, it
reproduces the memory-traces that stem from the same-
ness of previous stimuli and emalgamates with them to
form the object of the apperceived idea (Vol. I, p. 42)."
Then on p. 43 it is shown as an example how a steel engrav-
ing of Raphael’s Sistine Madonna comes into existence in a
purely psychological way without steel plate, ink, press, or
paper! After all this there cannot be any doubt that the object
about which an assertion is made, the subject, is according to
Herr Erdmann’s opinion supposed to be an idea in the psycho-
logical sense of the word, and likewise for the predicate, the
object that is asserted. If this were right it could not be truly
asserted of any subject that it was green; for there are no green
ideas. Nor could I assert of any subject that it was indepen-
dent of being ideated, or of myself, who ideates it, any more
than my decisions are independent of my willing, or of myself
who wills; to the contrary, if I were destroyed they would be
destroyed along with me. Thus there is no real objectivity for
Herr Erdmann, as follows also from his representing what is
ideated or the idea in general, the object in the most general

*In this and the following two extracts I have trans]l ated some phrases
from Erdmann omitted by Frege in citing him.
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sense of the word, as summum genus (yevixdrarov) (p. 147). And
so he is an idealist. If the idealists were consistent, they would
put down the sentence ‘‘Charlemagne conquered the Saxons®' as
neither true nor false, but as fiction, just as we are accustomed
to regard, for example, the sentence ‘‘Nessus carried Deianeira
across the river Evenus’’; for even the sentence ‘‘Nessus did not
carry Deianeira across the river Evenus®’ could be true onlyif the
name ‘“Nessus’’ had a bearer, It would not he easy to dislodge
the idealists from this point of view. But we do not need to put
up with their falsification of the sense of the sentence, as if |
meant to assert something about my idea when I speak of Charle-
magne; I simply mean to designate a man, independent of me and
my ideating, and to essert something about him. We may grant the
idealists that the attainment of this intention is not completely
sure and that, without wishing to, I may perhaps lapse from truth
into fiction; but this can change nothing in the sense. With the
sentence ‘‘This blade of grass is green’ I assert nothing about
my idea; I am not designating any of my ideas with the words
“‘this blade of grass’’, and if I were, then the sentence would
be false. Here there enters a second falsification, namely that
my idea of green is asserted of my idea of this blade of grass.
I repeat: in this sentence there is no talk whatever of my ideas;
it is the idealists who foist that sense upon us. By the way, I
entirely fail to understand how an idea can be asserted of any-
thing. It would be just as much a falsification to say that in
the sentence ‘‘the moon is independent of myself and my ideat-
ing’’, my idea of independence-of-myself-and-my-ideating was
asserted of my idea of the moon; this would be to surrender all
objectivity in the proper sense of the word and push something
wholly different into its place. Certainly it is possible that in
making a judgment such a play of ideas occurs; but that is not
the sense of the sentence. It may also be observed that with
the same sentence and the same sense of that sentence the play
of ideas can be wholly different. And it is this logically irrel-
evant accompanying phenomenon that our logicians take for the
proper object of their study.

As may be seen, the nature of the situation opposes this foun-
dering in idealism, and Herr Erdmann would not like to admit
that for him there is no real objectivity; but equally plain is the
futility of trying to deny it. For if all subjects and all predicates
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are ideas and if all thinking is nothing but the creating, con-
necting, and altering of ideas, then it is impossible to under-
stand how anything objective is ever to be reached. A symptom
of this futile struggle is the use of the words ‘‘thing ideated®
and ‘‘object’’, which at first sight seem intended to designate
something objective, as opposed to an idea, though as it turns
out they only seem so intended and in fact denote that very
thing. Well then, why this superfluity of expressions? That is
not hard to unriddle. We observe that what is being spoken of is
an object of the idea, although the object is supposed to be it-
self an idea. Thus it would be an idea of an idea, What rela-
tion between ideas are we supposed to be designating here?
Obscure as this is, it is also readily understandable how, from
the opposed workings of the nature of the situation and idealism,
such giddy whirlpools can arise. Everywhere here we see the
object of which I make an idea for myself being mixed up with
this idea, and then the difference between them moving into
prominence again. We recognize this conflict also in the fol-
lowing sentence:
“‘For an idea whose object is general is on that account,
as such, as a conscious event, no more general itself than
an idea is real because its object is posited as real, or
than an object that we perceive as sweet, [brown, warm,
triangular, distant], is given by ideas that are themselves
sweet, [brown, warm, triangular, distant] (Vol. I, p. 86)."
Here the true situation is forcibly making itself feit. I could
almost agree with it. But if we observe that on Erdmann’s prin-
ciples the object of an idea and the object that is given by ideas
are themselves ideas, then we see that all struggle is in vain.
I request too that the words ‘‘as such’® not be forgotten; they
also occur similarly in this passage:
‘‘Where actuality is asserted of an object, the real sub-
ject of this judgment is not the object or the thing ideated
as such, but rather the Transcendent, which is presup-
posed as the ground of being of this thing that is ideated
and represented in it. The Transcendent is not to be taken
here as the unknowable . . . rather its transcendence is to
consist only in its independence of being ideated (Vol. I,
p. 83).”
Another futile attempt to work himself out of the bog! If we
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take the words seriously, what is said is that in this case the
subject is notan idea, But if this is possiblethen it is not clear
why for other predicates, which indicate particular modes of ac-
tivity or actuality, the real subject always has to be anidea, e.g.,
in the judgment ‘‘the earth is magnetic®. Thus we should arrive
at the view that only in a few judgments was the real subject an
idea, But if it is once admitted that it is not essential for either
the subject or the predicate to be an idea, then the ground is
pulled from beneath the feet of the whole psychological logic.
All psychological considerations, with which our logic-books of
today are swollen, then prove to be irrelevant.

But probably we ought not to take Transcendence in Herr Erd-
mann’s case so seriously. I need only remind him of his own
pronouncement:

““...themetaphysical limit of our ideation, the Transcend-

ent, is also subordinate to the summum genus (Vol. I,

p. 148),”
and with that he founders; for this summum genus (yevikdrarov)
is according to him just the ideated or the idea in general. Or
was the sense of the word ‘“Transcendent’ as used above, sup-
posed todiffer from its sense here? One would have thought that
in every case the Transcendent had to be subordinate to the sum-
MmUm genus.

Let us dwell a moment longer on the expression ‘‘as such”’, 1
shall suppose that somebody wishes me to imagine that all ob-
jects are nothing but pictures on my retina. Very well; so far I
have no objections. But now he declares further that the tower
is bigger than the window through which I suppose that I am see-
ing it. Now to this I should say: °*‘Either it is not the casethat
both the tower and the window are pictures on my retina, and then
the tower may be bigger than the window; or else the tower and
the window are, as you say, pictures on my retina, and then the
tower is not bigger, but smaller than the window.”’ It is at this
point that he tries to extricate himself from the dilemma with ‘‘as
such®’, and he says: ‘“To be sure, the retinal picture of the tow-
er is as such not bigger than the retinal picture of the window.’’
At this I almost feel like losing my temper entirely and shouting
at him: ‘‘Well then, the retinal picture of the tower is not bigger
than the retinal picture of the window at all, and if the tower
were the retinal picture of the tower and the window were the
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retinal picture of the window, then the tower would not be bigger
than the window either, and if your logic teaches you differently
it is absolutely worthless!®® This ‘‘as such’ is a splendid dis-
covery for hazy writers reluctant to say either yes or no. But I
will not put up with this hovering between the two; I ask: If ac-
tuality is asserted of an object, then is the real subject of the
judgment the idea? Yes or no? If it is not, then presumably the
subject is the Transcendent, which is presupposed as the ground
of being of this idea. But this Transcendent is itself a thing
ideated or an idea. Thus we are driven on to the supposition
that the subject of the judgment is not the ideated Transcend-
ent, but the Transcendent that is presupposed as the ground of
being of this ideated Transcendent. Thus we should have to go
on forever; but however far we went we should never emerge from
the subjective. Moreover, we could begin the same game with the
predicate too, and not merely with the predicate actual; we could
do it just as well with, say, swees. We should then start off by
saying: If actuality (or sweetness) is asserted of anobject, then
the real predicate is not the object’s ideated actuality (or sweet-
ness), but the Transcendent that is presupposed as the ground of
being of this thing that is ideated. But we could not relax there;
we should be driven ever further without end. What can we learn
from this? That psychological logic is on the wrong track en-
tirely if it conceives subject and predicate of a judgment as
ideas in the psychological sense, that psychological consider-
ations have no more place in logic than they do in astronomy or
geology. If we want to emerge from the subjective at all, we
must conceive of knowledge as an activity that does not create
what is known but grasps what is already there. The picture of
grasping is very well suited to elucidate the matter. If I grasp a
pencil, many different events take place in my body: nerves are
stimulated, changes occur in the tension and pressure of mus-
cles, tendons, and bones, the circulation of the blood is altered.
But the totality of these events neither is the pencil nor creates
the pencil; the pencil exists independently of them. And it is
essential for grasping that something be there which is grasped;
the internal changes alone are not the grasping. In the same
way, that whichwe grasp with the mind also exists independently
of this activity, independently of the ideas and their alterations
that are a part of this grasping or accompany it; and it is neither
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identical with the totality of these events nor created by it as a
part of our own mental life.

Now let us see how for the psychological logicians, more deli-
cate distinctions within the subject matter are blotted out. For
the case of characteristic mark and property this has already
been mentioned; a related case is the distinction between object
and concept, which I stress, and also that between concepts of
first and second level. Naturally these distinctions are indis-
cernible to psychological logicians; for them everything is just
idea. With this goes their wrong conception of those judgments
that in everyday language we express by using ‘‘there is*’. This
existence Herr Erdmann jumbles up with actuality (Vol. I, p. 311),
which, as we saw, also is not clearly distinguished from object-
ivity., Of what thing are we really asserting that it is actual if
we say that there are square roots of four? Is it 2 or =22 But
neither the one nor the other is named here in any way at all,
And if I wished to say that the number 2 acts or is active or ac-
tual, this would be false and wholly different from what I mean
by the sentence, ‘‘There are square roots of four.'” The confu-
sion before us is just about the grossest possible; for it is not
between concepts of the same level, but rather between a con-
cept of first level and a concept of second level. This is char-
acteristic of the obtuseness of psychological logic. When we
have gained a less obstructed viewpoint we may be astonished
that such a blunder couid be committed by a professional logi-
cian, but of course before we can gauge the magnitude of the
blunder we must ourselves have grasped the distinction between
first- and second-level concepts, and psychological logic will be
quite incapable of that. The chief impediment is that its ex-
ponents take such fantastic pride in psychological profundity,
which is after all nothing but psychological falsification of
logic. And that is how our thick logic books come into being;
they are bloated with unhealthy psychological fat that conceals
all more delicate forms. Thus a fruitful collaboration between
mathematicians and logicians is made impossible. While the
mathematician defines objects, concepts, and relations, the psy-
chological logician is spying upon the origin and evolution of
ideas, and to him at bottom the mathematician’s defining can
only appear foolish because it does not reproduce the essence
of ideation, He looks into his psychological peep-show and
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tells the mathematician: ‘‘I see nothing at all of what you are
defining.”” And the mathematician can only reply: ‘*No wonder,
for it is not where you are looking for it.”’

This may be enoughto place my logical standpoint in a clearer
light by the contrast. The distance between my view and the
psychological logicians’ seems to me so enormous that there is
no prospect of my book’s having any effect on them at present.
It seems to me as if the tree that I have planted would have to
lift a colossal weight of stone in order to gain space and light.
And yet I should not like to abandon entirely the hope that my
book might later help to overthrow psychological logic. To that
end there surely will be some notice of the book by the mathe-
maticians, notice which will compel psychological logic to come
to terms with it. And I believe that I may expect some support
from mathematicians; they have at bottom a common cause with
me against the psychological logicians. I believe that as soon
as the latter so much as condescend to occupy themselves seri-
ously with my book, if only to refute it, then I have won. For
the whole of the second part [the Proofs of the Basic Laws of
Number], is really a test of my logical convictions. It is prima
facie improbable that such a structure could be erected on a
base that was uncertain or defective. Anyone who holds other
convictions has only to try to erect a similar structure upon
them, and I think he will perceive that it does not work, or at
least does not work so well. As a refutation in this I can only
recognize someone’s actually demonstrating either that a better,
more durable edifice can be erected upon other fundamental con-
victions, or else that my principles lead to manifestly false con-
clusions. But no one will be able to do that. May my book,
then, even if belatedly, contribute to a renewal of logic.

Jena, July, 1893
G. Frege
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EXPOSITION OF THE BEGRIFFSSCHRIFT

§0. Our task. Demands on the conduct of proof. Dedekind's
system. Schroder's class.

In my Grundlagen der Arithmetik,' 1 sought to make it plausible
that arithmetic is a branch of logic and need not borrow any
ground of proof whatever from either experience or intuition. In
the present book this shall now be confirmed, by the derivation
of the simplest laws of Numbers by logical means alone. But for
this to be convincing, considerably higher demands must be
placed on the conduct of proof than is customary in arithmetic.?
A few methods of inference must be marked out in advance, and
no step may be taken that is notin accordance with one of these.
Thus in passing on to a new judgment one must not be satisfied,
as the mathematicians have nearly always been hitherto, with
the transition’s being evidently correct; rather one must split it
into the logically simple steps of which it is composed—and of
which there are frequently not a few. In this way no presupposi-
tion can pass unnoticed; every axiom required must be uncov-
ered. It is indeed precisely the presuppositions made tacitly
and without clear awareness that obstruct our insight into the
epistemological nature of a law,

For an undertaking of this kind to succeed, it is of course nec-
essary that we grasp precisely the concepts required. This ap-
plies particularly to what the mathematicians would like to des-
ignate by the word “‘set’”. Dedekind?® uses the word ‘‘system’’
with very much the same purpose. But despite the explanations
in my Grundlagen four years earlier, a clear insight into the es-
sence of the matter is not to be found in Dedekind, although he
occasionally comes near the mark, as here (p. 2): ‘‘Such a sys-
tem S ... is completely determined if for every thing it is

'Breslau, 1884
2Cf. my Grundlagen, §90.
3Was sind und was sollen die Zahlen? Braunschweig, 1888.
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determined whether it is an element of S or not. Hence a sys-
tem S is the same as a system T (in symbols, S = T) if every
element of S is also an element of T and every element [of] T is
also an element of S."” But other passages wander off again,
for example the following (pp. 1-2): ‘It very frequently occurs
that different things a, b,¢, . . . , regarded for some reason from
a common point of view, are put together in the mind; and we
say then that they form a system S."’ Here a presentiment of
the truth is indeed contained in the ‘common point of view’; but
this ‘regarding’, this ‘putting together in the mind’, is not anob-
jective characteristic. I ask, in whose mind? If they are put
together in one mind but not in another, do they form a system
then? What is suppused to be put together in my mind, no doubt
must be in my mind: then do the things outside myself not form
systems? Is a system a subjective figure in the individual soul?
In that case is the constellation Orion a system? And what are
its elements? The stars, or the molecules, or the atoms? The
following passage is worthy of note (p. 2): ‘‘For uniformity of
expression it is advantageous to admit also the special case in
which a system S consists of a single (one and only one) ele-
ment a, i.e., in which the thing a is an element of S but every
thing different from e is not an element of S.'° Subsequently
(p. 3) this is so understood that every element s of a system S
can itself be regarded as a system. Since in this case element
and system coincide, it is here particularly clear that according
to Dedekind it is the elements that really make up the ‘system’.
E. Schréder in his Vorlesungen iiber die Algebrader Logik* pro-
gresses a step beyond Dedekind in calling attention to the con-
nection of his systems with concepts—which Dedekind seems to
have overlooked. In fact what Dedekind really means when he
calls a system part of a system (p. 2) is the subordination of a
concept under a concept or an object’s falling under a concept:
cases that he distinguishes no better than Schroder, owing toan
error of conception shared by them both; for Schréder too at bot-
tomregards the elements as what constitute his claess. With him
an empty class may really no more occur than may an empty sys-
tem with Dedekind; yet the need of it that arises from the nature
of the situation makes itself felt, in different ways, with both

Leipzig, 1590, p. 253.
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authors. Dedekind continues the above passage: ‘‘On the other
hand, for certain reasons we will here wholly exclude the empty
system, which contains no element, although for other investi-
gations it can prove convenient to invent such a system.” So
according to this, such an invention is allowed; only ‘for certain
reasons’ it is waived. Schrdder ventures to invernt an empty
class. Thus as it seems, both are in agreement with many math-
ematicians in the view that we may invent anything we please
that is not there—and even anything that is unthinkable; for if
the elements constitute the system, then where the elements are
abolished the system goes with them. As to where the limits of
this inventive caprice may lie, or whether there are any limits
at all, there is to be found little clarity or agreement; yet the
correctness of a proof may depend upon it. I believe this ques-
tion to have been settled, for all reasonable persons, in my
Grundlagen der Arithmetik (§92 ff.) and in my lecture ‘‘Uber
formale Theorien der Arithmetik.”’® Schréder does ‘invent’his
‘Null’, and thereby entangles himself in great difficulties.® Ac-
cordingly, while a clear insight is lacking in Schréder as in
Dedekind, the true situation nevertheless makes itself felt where-
evera system is to be specified. Dedekind then cites properties
that a thing must have in order to belong to the system; i.e., he
defines a concept by means of its characteristic marks.” Now
if it is the characteristic marks that make up the concept, and
not the objects falling under it, then there are no difficulties or
objections against an empty concept. Of course then an object
can never be at the same time a concept; and a concept under
which falls only one object must not be confused with it. In
this way, then, it will finally be acknowledged that a statement
of number contains an assertion about a concept.® I have re-
duced Number to the relation of equinumeracy, and reduced the
latter to many-one correspondence. Much the same holds for the
word ‘‘correspondence’’ as for the word ‘‘set’’; both are today

5Sitaungsberichte der Jenaischen Gesellschaft fiir Medicinund Natur-
wissenschaft, Jahrgang 1885, session of 1Tth July.

6Cf. E. G. Husserl in the Gd:tinger gelehrte Anzeigen, 1891, no. T,
p. 272, where, however, the problems are not solved.

"™On concept, object, property, characteristic mark, cf. my Grund-
lagen, §838,47, 53, and my essay *‘Uber Begriff und Gegenstand’’, in
the Vierteljahrsschrift flir wissenschaftliche Philosophie, Vol, XVI,
no. 2 [1892].

8§46 of my Grundlagen.
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used frequently in mathematics, and for the most part there is
lacking any deeper insight into what they are really intended to
mean. If I am right in thinking that arithmetic is a branch of
pure logic, then a purely logical expression must be selected
for ‘‘correspondence’’. 1 choose ‘‘relation’’ for this purpose.
Concept and relation are the foundation-stones upon which I
erect my structure,

But even when the concepts have been grasped precisely, it
would be difficult—in fact, almost impossible—to satisfy with-
out special aid the demands we must here place on the conduct
of proof. Such an aid is my Begriffsschrift, and my first task
will be to expound it, The following observation may be made
before we proceed. It will not always be possible to give a
regular definition of everything, precisely because our endeavor
must be to trace our way back to what is logically simple, which
as such is not properly definable. I must then be satisfied with
indicating what I intend by means of hints. Above all I must
strive to be understood, and on this account I shall try to un-
fold the subject gradually and not attempt full generality or a
final expression at the very outset. The reader may be surprised
at the frequent use made of quotation marks; by their use I dis-
tinguish between the cases in which I am speaking of the sign
itself, and those in which I am speaking of its denotation. Pe-
dantic as this may appear, I nevertheless hold it to be neces-
sary. It is remarkable how an inaccurate manner of speaking or
writing, perhaps originally employed for convenience or brevity
but with full consciousness of its inaccuracy, can end in a con-
fusion of thought when once that consciousness has disappeared.
But people have succeeded in mistaking numerals for numbers,
the name for what is named, the mere auxiliary devices of arith-
metic for its real subject matter. Such experiences teach us how
necessary it is to place the highest demands on the accuracy of
a manner of speaking and writing. And I have taken pains to do
justice to these demands, at all events wherever it seemed to
me to be of importance.
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1. PRIMITIVE SIGNS
i. INTRODUCTION: FUNCTION, CONCEPT, RELATION®

§1. The function is unsaturated.

If we are asked to state the original meaning of the word ‘*func-
tion’’ as used in mathematics, it is easy to fall into calling
function of 2 an expression, formed from **z’’ and particular num-
bers by use of the notation for sum, product, power, difference,
and so on. This is incorrect, because a function is here repre-
sented as an expression, as a concatenation of signs, not as
what is designated thereby. Hence one will attempt to say, in
place of ‘‘expression’’, rather ‘‘denotation of an expression’’.
But now, there occurs in the expression the- letter ‘‘z*’, which
does not denote a number as the sign “‘2'’ does, for example,
but only indeterminately indicates one. For different numerals
that we put in the place of ““z’’ we obtain in general different
denotations. For example, if for ‘‘z’' in the expression

‘2 + 322"
we substitute the numerals *‘Q*’, “‘1'*, *“2"* ¢‘3"* in order, then
we obtain as corresponding denotations the numbers 0, 5, 28, 87.
None of these denotations can claim to be our function. The
essence of the function manifests itself rather in the connection
it establishes between the numbers whose signs we put for “‘z"*
and the numbers that then appear as denotations of our expres-
sion—a connection intuitively represented in the course of the

9Ct. my lecture Uber Function und Begriff (Jena, 1891) and my es
say “Uber Begriff und Gegenstand’’, in the Vierteljahrsschrift fiir
wissenschaftliche Philosophie, Vol. XVI, no. 2 (1892). My Begriffs-
schrift (Halle, 1879) no longer fully corresponds to my present stand-
point, and hence should be used only with caution to elucidate that
set forth here.,
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curve whose equation in rectangular cosrdinates is
Sy = (2 + 322,

Accordingly the essence of the function lies in that part of the
expression which is there over and above the *‘z'’. The expres-
sion for a function is in need of completion, unsaturated. The
letter ‘‘z’’ serves only to hold places open for a numeral that is
to complete the expression, and in this way renders recognizable
the particular type of need for completion that constitutes the
specific nature of the function designated above. Hereafter, the
letter ““£>* will be used for this purpose instead of *‘z**.'® This
holding-openis to be understood as follows: all places at which
“£” stands must be filled always by the same sign, never by
different ones. 1 call these places argument-places, and that
whose sign (name) occupies these places in a given case, [ call
the argument of the function for this case. The function is com-
pleted by the argument; what it becomes on completion I call
the value of the function for the argument. Thus we obtain a
name of the value of a function for an argument, if we fill the
argument-places in the name of the function with the name of
the argument. In this way, for example, ‘/(2+3.12).1"" is a name
of the number 5, composed of the function-name *“(2+3£2)¢£" and
“1**, Thus the argument is not to be counted a part of the func-
tion, but serves to complete the function, which in itself is un-
saturated. In the sequel, where use is made of an expression
like ‘‘the function ®(£)", it is always to be observed that ‘‘&’
contributes to the designation of the function only so far as it
renders recognizable the argument-places, but not in such a way
that the essence of the function is altered if some sign is sub-
stituted for ‘£,

§2. Truth-values. Denotation and sense. Thought. Object.

To the fundamental arithmetical operations mathematicians
have added, as constituting functions, the process of proceed-
ing to a limit in its various forms, as infinite series, differential
quotients, and integrals; and finally have understood the word
““function’’ so widely that in some cases the connection between
argument and value of the function can no longer be designated

10chever, nothing is here stipulated for the Begriffsschrift. Rather,
the *“£* will not occur at all in the developments of the Begriffs-
schrift itself; I shall use it only in the exposition of it, and in eluci-
dations.
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by the signs of mathematical analysis, but only by words. An-
other extension has been to admit complex numbers as arguments
and consequently as values of functions. In both directions I
have gone still farther. That is, while on the one hand the signs
of analysis have not hitherto always been sufficient, on the
other hand not all of them have been employed in forming func-
tion-names, in that **¢% = 4 and “¢ > 2”°, for example, were
not allowed to count as names of functions—as I allow them to
do. But this is also to saythat the domain of the values of func-
tions cannot remain restricted to numbers; for if I take as argu-
ments of the function £2 = 4 the numbers 0, 1, 2, 3 in order, I do
not obtain numbers [as values]. The expressions
“0% = 4, 12 o 4, 2B o g w32 oy

are expressions some of true, some of false thoughts. I put this
as follows: the value of the function £2 = 4 is either the truth-
value of what is true or that of what is false.! It can be seen
from this that I do not mean to assert anything if I merely write
down an equation, but that I merely designate a truth-value, just
as I do not assert anything if I merely write down *‘22*' but
merely designate a number. I say: the names ‘22 = 4 and
3 > 2" denote the same truth-value, which I call for short tke
True. Likewise, for me 3% = 4’ and ““‘1 > 2" denote the same
truth-value, which I call for short the False, precisely as the
name *‘22" denotesthe number four. Accordingly I call the num-
ber four the denotation of *‘4’* and of ““22’", and I call the True
the denotation of ‘‘3 > 2'*., However, I distinguish from the de-
notation of a name its sense. “‘22"’and ‘2 + 2" do not havethe
same sense, nor do “22 = 4 and “2 + 2 = 1* have the same
sense. The sense of a name of a truth-value I call a thought. 1
further say a name expresses its sense and denotes its denota-

tion. I designate with the name that which it denotes.
Thus the function €% = % can have only two values, namely the

True for the arguments 2 and ~2, and the False for all other ar-
guments,

The domain of what is admitted as argument must also be ex-
tended to objects in general, Objects stand opposed to func-
tions. Accordingly I count as objects everything that is not a

1 have justified this more thoroughly in my essay “Uber Sinn und
Bedeutung’’ in the Zeitschrift fir Philosophie und philosophische
Kritik, 100 (1892).
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function, for example, numbers, truth-values, and the courses-
of-values to be introduced below. The names of objects—the
proper names—therefore carry no argument-places; they are sat-
urated, like the objects themselves.

§3. Course-of-values of a function. Concept. Extension of a
concept.

I use the words
“the function ®(£) has the same course-of-values as the
function Y(&€)*’
generally to denote the same as the words
“‘the functions ®(£) and Y(£) have always the same value
for the same argument’’,

We have this circumstance with the functions £ = 4 and 3¢2=
12, at least if numbers are taken as arguments. However, we
can imagine the signs for squaring and multiplication to be so
defined that the function

(€% =4) =(3£%=12)

has the True as value for every argument whatever. At this
point we may also use an expression from logic: ‘‘the concept
square root of }, has the same extension as the concept some-
thing whose square trebled is 12°’. With such functions, whose
value is always a truth-value, one may accordingly say, instead
of ‘‘course-of-values of the function®’, rather ‘‘extension of the
concept’’; and it seems appropriate to call directly a concept a
function whose value is always a truth-value.

§4. Functions of two arguments.

Hitherto I have spoken only of functions of a single argument;
but we can easily pass on to functions of two arguments. These
are doubly in need of completion, in the sense that a function of
one argument is obtained once a completion by means of one ar-
gument has been effected. Only by means of yet another com-
pletion do we attain an object, and this is then called the value
of the function for the two arguments. Just as the letter ‘&
served us with functions of one argument, so here we make use
of the letters ‘£ and ‘“{*’ to indicate the twofold unsaturated-
ness of functions of two arguments, as in

u(§+ 4-)2 + é-n.
By substituting (for example) *‘1'* for ‘‘{"’, we saturate the
function in such a way that in (£ + 1)%+ 1 we still have a function,
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but of one argument. This way of using the letters ‘£ and **{”’
must always be kept in mind if an expression occurs like ‘‘the
function ®(£,{)"* (cf. n. 10, above). I call the places at which
“E gstands &-argument-places, and those at which ‘0! stands
{-argument-places. 1 say that the £-argument-places are related
to one another, and likewise for the {-argument-places; while I
call a &argument-place not related to a {-argument-place.

The functions of two arguments & = { and & > { always have a
truth-value as value (at least if the signs ‘‘=** and “‘>*’ are ap-
propriately defined). Such functions it will be appropriate to
call relations. In the first relation, for example, 1 stands to 1,
and in general every object to itself; in the second, for example,
2 stands to 1. We say that the object I' stands to the object A
in the relation W(&,{) if ¥(I',A) is the True. Likewise we say
that the object A falls underthe concept ®(£) if (A) is the True.
Of course it is presupposed in this that the functions ®(¢) and
¥(¢&,¢) always have as value a truth-value, '2

it. SIGNS FOR FUNCTIONS
§5. Judgment and thought. Judgment-stroke and horizontal.

We have already said that in a mere equation there is as yet
no assertion; ‘2 + 3 = 5" only designates a truth-value, without
its being said which of the two it is. Again, if I wrote

‘“€2+3=535)=(2=2)"
and presupposed that we knew 2=2 to be the True,I still should
not have asserted thereby that the sum of 2 and 3 is 5; rather |
should only have designated the truth-value of 2+ % = 5’"s
denoting the same as ‘2 = 2’’. We therefore require another
special sign to be able to assert something as true. For this

2 There is a difficulty here which can easily obscure the true state
of affairs and hence arouse suspicion as to the correctness of my
view. If we compare the expression ‘‘the truth-value of A’s falling
under the concept ™€)’ with <«P(A)?’, we see that what really cor
responds to the expression ¢«( )" is

“‘the truth-value of ( )’s falling under the concept ™ &,
and not

“‘the concept (&),
These last words therefore do not really designate a concept (in our
sense), even though by their linguistic form it appears as if they do.
As to the awkward position in which language here finds itself, cf.
my essay “‘Uber Begriff und Gegenstand®’.
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purpose I let the sign ‘ }’' precede the name of the truth-value,
so that for example in
‘e }'22 - 4”’ 13

it is asserted that the square of 2 is 4. I distinguish the judg-
ment from the thought in this way: by a judgment 1 understand
the acknowledgement of the truth of a thought. The presentation in
Begriffsschrift of a judgment by use of the sign *‘}** I call a
proposition of Begriffsschrift or briefly a proposition. 1 regard
this ‘“}** as composed of the vertical line, which I call the judg-
ment-stroke, and the horizontal line, which I will now simply
call the horizontal.'* The horizontal will mostly occur fused
with other signs, as here with the judgment-stroke, and thereby
will be protected against confusion with the minus sign. Where
it does occur apart, for purposes of distinction it must be made
somewhat longer than the minus sign, I regard it as a function-
name, as follows:

—A
is the True if A is the True; on the other hand it is the False if
A is not the True.'® Accordingly,

—<
is a function whose value is always a truth-value—or by our stip-
ulation, a concept. Under this concept there falls the True
and only the True. Thus,

u_22 = 4"

13y frequently make use here, in a provisional way, of the notations
for the sum, product, power, although these signs have here not yet
been defined, to enable me to form examples more easily and to facil-
itate understanding by means of hints. But we must keep it in mind
that nothing is made to rest on the denotations of these notations.

141 used to call it the content-stroke, when I still combined under
the expression ‘*possible content of judgment’’ whatl have now learned
to distinguish as truth-value and thought. Cf. my essay ‘‘Uber Sinn
und Bedeutung.’

1“"Obviously the sign *“‘A’* may not be denotationless, but must de-
note an object. Denotationless names must not occur in the Begriffs-
schrift. The stipulation above is made in such a way that ‘‘“—A"
denotes something under all circumstances so long merely as *‘A”’ de-
notes something. Otherwise —¢ would not be a concept having sharp
boundaries, thus in our sense not a concept at all. I here use capital
Greek letters as if they were names denoting something, although I do
not specify their denotation. In the developments of the Begriffs-
schrift itself they will occur no more than will **£?* and ‘0.
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denotes the same thing as *‘2% = 4°*, namely the True. In order
to dispense with brackets I specify that everything standing to
the right of the horizontal is to be regarded as a whole that oc-
cupies the argument-place of the function-name ‘‘——&*, except
as brackets prohibit this.
“___92 _ g
denotes the False, thus the same thing as does *‘2% = 5'’; as a-
gainst this,
51_2”
denotes the False, thus something different from the number 2.
If A is a truth-value, then ——A is the same truth-value, and
consequently
A= (—A4)
is the True. But this is the False if A is not a truth-value. We
can therefore say that
A = (—A)
is the truth-value of A’s being a truth-value.

Accordingly the function —®(¢) is a concept and the func-
tion —=Y(£ ) is a relation, regardless of whether ®(¢) is a
concept or ¥(&, Q) a relation.

Of the two signs of which *}'* is composed, only the judg-
ment-stroke contains the act of assertion.

§ 6. Negation-stroke. Amalgamation of horizontals.

We need no special sign to declare a truth-value to be the
False, so long as we possess a sign by which either truth-value
is changed into the other; it is also indispensable on other
grounds, I now stipulate:

The value of the function

-
shall be the False for every argument for which the value of the
function

—¢
is the True; and shall be the True for all other arguments,

Accordingly we possess in

-
a function whose value is always a truth-value; it is a concept,
under which falls every object with the sole exception of the
True. From this it follows that ‘‘a4-A’’ always denotes the
same thing as “—(—A)", and as ““— A", and as
¢ 4(——A)". Hence we regard ‘‘+'’ as composed of the
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small vertical stroke, the negation-stroke, and the two portions
of the horizontal stroke, each of which may be regarded as Aori-
zontals in our sense., The transition from “—(——A)" or
Yo =A to “4=A", as well as that from ‘‘e— —A"" to
“e—=A" I call amalgamation of horizontals,

By our stipulation —2 2~ 5 is the True; thus:

22 =5,

in words: 2% = 5 is not the True; or: the square of 2 is not 5.

So also: 2.

§7. The identity-sign.

We have been usingthe identity-sign as we went along, to form
examples; but it is necessary to stipulate something more pre-
cise regarding it.

“I‘ = A”
shall denote the True if I' is the same as A; in all other cases
it shall denote the False.

In order to dispense with brackets I specify that everything
standing to the left of the identity-sign as far as the nearest
horizontal, as a whole denotes the {-argument of the function
¢ = {, except as brackets prohibit this; and that everything
standing to the right of the identity-sign as far as the nearest
identity-sign, as a whole denotes the ({-argument of that func-
tion, except as drackets prohibit this (cf. p. 39, above).

§8. Generality. Gothic letters. Their scope. Amalgamation
of horizontals.

We considered in §3 the case in which an equation such as
“d(z) = ¥(z)”
always yields a name of the True, whatever proper name we may
substitute for ‘‘z’*, provided only that this name actually de-
notes an object. We then have the generality of an identity,
whereas in ‘2 2= 4" we have only an identity. This difference
manifests itself in the fact that in the former case we have a
letter ‘‘z’’ that indicates only indeterminately, whereas in
¢22 _ 4" every sign has a determinate denotation. To obtain
an expression for the generality, we might think of a definition
of this sort:
‘By “‘®(z)*’ is to be understood the True, if the value of
the function ®(£) is the True for every argument; other-
wise it denotes the False.’
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It would be assumed here, as in all our considerations of this
sort, that “®(£)’' always acquires a denotation if in it we re-
place ‘£’ by a name thatdenotes an object. Otherwise I should
not call ®(€) a function. Accordingly then,
“po(z-1) =22 -2
would denote the True, at least if the notations for multiplica-
tion, subtraction and squaring were so defined also for objects
that are not numbers that the equation did hold universally. On
the other hand ‘“‘z.(2~-1) = 22’ would denote the False, because
we obtain the False as denotation if we substitute ‘‘1°** for *‘z’?,
although we obtain the True if we substitute ‘‘0’’. But by this
stipulation the scope of the generality would not be well enough
demarcated. A doubt could arise; e.g.,, whether
“ =2+ 3z = 5z
was to be taken as the negation of a generality or as the gener-
ality of a negation; or, more precisely, whether it was supposed
to denote the truth-value of
the value of the function 2 + 3¢ = 5&°8 not being the True
for every argument,
or the truth-value of
the value of the function —2 + 3& = 5&°s being the True
for every argument.
In the first case, *“4+—2 + 3z = 5z”° would denote the True; in
the second, the False. But the negation of the generality must
be expressible as well as the generality of the negation. I ex-
press the latter thus:
“&r 2 + 3a = 5a”;
and the negation of the generality thus:
U2 4+ 3a = Sa”;
and the generality itself thus:
Caor2 + 3a = 5a’,
This last denotes the True if for every argument the value of
the function2 + 3£ = 5¢ is the True. Since this is not the case,
then
4‘»2 + 34 = Sa
is the False, hence
-1\“;-2 + 3a = 5a

is the True.
22 + 3a = S5a

is the False, because the value of the function -2 + 2£ = 5¢&
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is not the True for every argument; for it is the False for the
argument 1. Consequently
+2r2+3a=5a
is the True, and
e h\?/-.-Q + 3a = 5a”

asserts: there is at least one solution of the equation

“2 + 32 =52,
In the same way,

b&a® = 1
in words: there is at least one square root of 1. We see from
this how ‘‘there is'* is to be rendered in the Begriffsschrift.

If we now set up the definition as follows:

“Z~®(a)’’ is to denote the True if for every argument the

value of the function ®(£) is the True, and otherwise is to

denote the False,
a supplementation is required: namely, a more exact statement
as to what this function ®(&) is in every case. We will call it
the corresponding function. For uncertainties can arise; A = A
is as much the value of the function A = £ as it is of the func-
tion £ = &, in both cases for the argument A. Thus someone
starting from ~2~a = a might take either £ = a, or a = &, or £ = ¢
to be the corresponding function. However, by our use of Gothic
letters we should have in the first two cases no function at all,
because ‘‘{ = a*° and ‘‘a = £’ never denote anything, whatever
one may substitute for the ““£’: the Gothic letter ‘‘a’’ may not
occur without ‘-2~ prefixed, save in ‘‘-2~’" itself, Therefore
only ‘¢ = £* may here be considered our corresponding func-
tion. The case is less simple with an expression like

“\ad-[(a + a= '24) = ('\n/a = a)]”.
If we went ahead blindly, we could think we had the correspond-
ing function in
ey E=20 = EL= O

I will now say, ‘‘a’" stands in ‘*~Z-° over the concavity. The
place over the concavity is never an argument-place; therefore
at least the ‘‘a’ standing over the second concavity is to be
preserved. But since the ‘‘~&*' must always be followed by a
combination of signs that includes *‘a’’, it follows that ‘‘a’’ must
remain intact in at least one of the two places in “‘a = a”'. Ac-
cordingly we might incline toward these functions as corres-
ponding:
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(£ +&=28 = (8= a),

(f+f=2@=(\?’-n 6),

(£+&=28 = (<&ra=a)
but against the first two notions is the fact that the denotation
of the ‘“&~a = &’ occurring in
“\af[(a + a= 2:1) = (\afn = a)]”
is already established, and may not be called back into question.

Let us call that which follows a concavity containing a Gothic

letter and which together with this concavity forms the name of
the truth-value of the value of the corresponding function’s being
the True for every argument, the scope of the Gothic letter stand-
ing over the concavity. The corresponding function is now de-
termined by the following rule:

1. All places at which there occurs a Gothic letter within its
scope, yet not within an enclosed scope of the same letter,
and not over a concavity, are related argument-places,
namely those of the corresponding function,

But if we want to designate the truth-value of tke function

(E+&=28 =R €=a)s
having the True as walue for every argument, then we shall
choose a different Gothic letter:

-\er(¢+¢= 2¢) = (8e = a).

I comprise this in the following rule:

2. If in the name of a function Gothic letters already occur,
within whose scope lie argument-places of this function,
then to form the corresponding expression of generality a
Gothic letter different from these must be chosen.

According to our stipulations, one Gothic letter is in general

as good as another, with the restriction however that distinct-
ness among these letters can be essential. For certain Gothic
letters we shall later lay down a somewhat different type of use.

“-&-0(a)” denotes the same thing as ‘‘~&(—— ®(a))** and

“—(«2-P(a))*’. Hence I regard the horizontal strokes to the

[X}§

tight and left of the concavity in “‘<22° as horizontals in our

special sense of the word, so that by amalgamation of horizon-
tals we can pass over immediately from the forms *‘——(-2-0(a))"’
and ‘‘Cr(—— ®(a))*’ to “‘~Z-D(a)’.

§9. Notation for the course-of-values. Small Greek vowels.
Their scope.

If -=2-®(a) = ¥(a) is the True, then by our earlier stipulation
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(§3) we can also say that the function ®(£) has the same course-
of-values as the function ¥(¢); i.e., we can transform the gen-
erality of an identity into an identity of courses-of-values and
vice versa. This possibility must be regarded as a law of logic,
a law that is invariably employed, even if tacitly, whenever dis-
course is carried on about the extensions of concepts. The
whole Leibniz-Boole calculus of logic rests upon it. One might
perhaps regard this transformation as unimportant or even as
dispensable. As against this, I recall the fact that in my Grund-
lagen der Arithmetik 1 defined a Number as the extension of a
concept, and indicated then that negative, irrational, in short
all numbers were to be defined as extensions of concepts. We
can set down a simple sign for a course-of-values, and in that
way for example the name of the Number Nought will be intro-
duced. On the other hand, in
“2ad(a) = ¥(a)”

we cannot put a simple sign for “‘®(4)*’, because the letter ‘‘a’’
must always occur in whatever is substituted for “‘®(a)’’,

The conversion of the generality of an identity into an identity
of courses-of-values has to be capable of being carried out in
our symbolism. Therefore, e.g., for

“\ag-nz —a=a-(a- 1)",
I write
“2e? - ¢) = da-(a - 1),
in which by ‘*¢(¢? - ¢)’* I understand the course-of-values of the
function &2 - £, and by ““4(a-(a ~ 1))** the course-of-values of 15
the function £.(& -~ 1). Similarly, ¢(e? = 4) is the course-of-
values of the function £% = 4, or, as we can also say, the ex-
tension of the concept square root of 4.
If I say generally that
“2d(¢)” denotes the course-of-values of the function ®(),
this requires a supplementation like that in §8, above, in our
explanation of ‘‘“&~®(a)’’;i.e., the question is which function in
each case is to be regarded as the corresponding function ®().
It is obvious that ¢(e? — ¢) is the course-of-values of the func-
tion £2 ~ £, and not of &2 - ¢ or €2 ~ £, because by our way of
using small Greek vowels neither “‘£2 = ¢ nor “‘¢% — & would
acquire a denotation for any object whose name was substituted
for *“&’, or as we can also put it, because these combinations
of signs do not denote any functions but rather, separated from

44



16

the ‘*¢’°, are devoid of denotation. A combination of signs like
“e¢W(e, XN

must be adjudicated as in §8 with ‘< &-¥(a4, -2-X(a))'*. The
place under the smooth breathing is no more an argument-place
than that over the concavity., Let us call what follows a small
Greek vowel with the smooth breathing, and together with this
forms the name of the course-of-values of the corresponding
function, the scope of this Greek vowel, Then we can set up
the following rule:

1. All places at which there occurs a small Greek vowel within
its scope, yet not within an enclosed scope of the same
letter, and not with a smooth breathing, are related argu-
ment-places, namely those of the corresponding function.

This is hereby stipulated. Accordingly é(e¢ = é(¢2 - ¢)) is the
course-of-values of the function & = ¢(e2 - ¢), and &(a = é(¢ = a)
the course-of-values of the function & = é(¢ = £). For the for-
mation of a name of a course-of-values the following rule also
holds:

2. If in the name of a function small Greek vowels already
occur, within whose scope lie argument-places of this func-
tion, then to form the name of the course-of-values of this
function a Greek vowel different from these must be chosen.

According to our stipulations, one small Greek vowel is in
general as good as another, with the restriction however that
distinctness among these letters can be essential.

The introduction of a notation for courses-of-values seems to
me to be one of the most important supplementations that I have
made of my Begriffsschrift since my first publication on this
subject. By introducing it we also extend the domain of argu-
ments of any function. For example,

2 - ¢) = da-(a=-1))
is the value of the function
£ =dla-(a-1))
for the argument ¢(e? — ¢).
§10. The course-of-values of a function more exactly specified.

Although we have laid it down that the combination of signs
HED(e) = &¥(a)?
has the same denotation as
HZa(a) = Y(a)*,
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this by no means fixes completely the denotation of a name like
“¢®d(e)’’. We have only a means of always recognizing a course-
of-values if it is designated by a name like ‘‘¢®(¢)*’, by which
it is already recognizable as a course-of-values. But we can
neither decide, so far, whether an object is a course-of-values
that is not given us as such, and to what function it may cor-
respond, nor decide in general whether a given course-of-values
has a given property unless we know that this property is con-
nected with a property of the corresponding function. If we as-
sume that
X6
is a function that never takes on the same value for different
arguments, then for objects whose names are of the form
“XE (N
just the same distinguishing mark for recognition holds, as for

objects signs for which are of the form ‘‘é®d(¢)”’. To wit,

“X(D(e)) = X(a¥(a))"
then also has the same denotation as *‘"&~®(a) = ¥(a)'".'® From
this it follows that by identifying the denotation of **¢ ®(¢) = &¥ ()"’
with that of *‘<2.®(a) = ¥(a)’’, we have by no means fully deter-
mined the denotation of a name like ‘‘é®(¢)’’—at least if there
does exist such a function X(§) whose value for a course-of-
values as argument is not always the same as the course-of-
values itself. How may this indefiniteness be overcome? By
its being determined for every function when it is introduced,
what values it takes on for courses-of-values as arguments, just
as for all other arguments, Let us do this for the functions con-
sidered up to this point. There are the following:

f = é—, - {:’ - f‘
We can leave the last out of account, since it can be considered
always to take a truth-value as argument, With this function it
makes no difference whether one takes as argument an object,
or the value of the function ——— ¢ for this object as argument,

Now we can still reduce the function —— £ to the function £=¢.
That is, by our stipulations the function & = (£=¢) has for every
argument the same value as the function ~—— &; for the value of

the function £ = £ is the True for every argument. From this it
follows that the value of the function & = (£ = §) is the True 17

'® Thisis not to say that the sense is the same.
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only for the True as argument, and that it is the False for all
other arguments, exactly as with the function —— £, Since in
this way everything reduces to consideration of the function
¢ = ¢, we ask what value this has if a course-of-values occurs
as argument. Since up to now we have introduced only the truth-
values and courses-of-values as objects, it can only be a ques-
tion of whether one of the truth-values can perhaps be a course-
of-values. If not, then it is thereby also decided that the value
of the function ¢ = ¢ is always the False if a truth-value is
taken as one of its arguments and a course-of-values as the
other. If on the other hand the True is at the same time the
course-of-values of some function ®(£), then it is thereby also
decided what the value of the function £ = { is in all cases in
which the True is taken as one of the arguments, and likewise
if the False is at the same time the course-of-values of a certain
function. Now the question whether one of the truth-values is a
course-of-values cannot be decided from the fact that

“ed(e) = a¥(a)”’
is to have the same denotation as

“SaBla) = W(a)
It is possible to stipulate generally that

H50(n) = a¥(a)”
shall denote the same thing as

S d(a) = ¥(a)”
without the identity of ¢ ®(¢) and5j®(5) being derivable from this,
We should then have a class of objects with names of the form
“579(n)’?, and for whose differentiation and recognition the same
distinguishing mark held good as for courses-of-values. We
could now determine the function X(£) by saying that its value
shall be the True for 7A(y) as argument, and shall be 7A(y) for
the True as argument; further the value of the function X(&) shall
be the False for the argument 7M(»), and shall be 7M(3) for the
False as argument; for every other argument the value of the
function X(§) is to coincide with the argument itself. If now
the functions A(£) and M($) do not always have the same value
forthe same argument, then our function X(£) never has the same
value for different arguments, hence

“X(FP(9) = X(@¥(a))”

also always has the same denotation as

H“E-d(a) = Y(a),
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The objects whose names were of the form *X(57®(5))'’ would
then be recognized by the same means as the courses-of-values,
and X(7A(n)) would be the True and X(7M(n)) the False. Thus
without contradicting our setting
“eDle) = V()

equal to

HZ-P(a) = Y(a)"
it is always possible to stipulate that an arbiirary course-of-
values is to be the True and another the False. Accordingly let
us lay it down that ¢(~——¢) is to be the True and é(e=(+C-a=a))
is to be the False., &(——¢) is the course-of-values of the func-
tion ~—— £, whose value is the True only if the argument is the
True, and whose value for all other arguments is the False. All
functions for which this holds, have the same course-of-values,
and this is by our stipulation the True. Accordingly —— ¢®(¢)
is the True only if the function ®(£) is a concept under which
falls only the True; in all other cases ——¢®(¢) is the False,
Further, ¢(¢=(-=%a = a))is the course-of-values of the function
£ = (a=&a = a), whose value is the True only if the argument is
the False, and whose value for all other arguments is the False.
All functions for which this holds have the same course-of-
values, and this is by our stipulation the False. Thus every
concept under which falls the False and only the False, has as
its extension the False.!7

'TA natural suggestion i8 to generalize our stipulation so that every
object is regarded as a course-of-values, viz., as the extension of a
concept under which it and it alone falls. A concept under which the
object A and A alone falls is A = £, Suppose we attempt the stipu-
lation: let é(A = ¢) be the same as A. Such a stipulation is possible
for every objeot that is given us independent of courses-of-values on
the same basis as we have observed with the truth-values. But be-
fore it may be generalized, the question arises whether it may not
contradict our notation for recognizing courses-of-values if we take
for A an objeot that is already given us as a course-of-values. In
particular it is intolerable to allow it to hold only for such objects as
are not given us as courses-of-values; the way in which an ohject is
given must not be regarded as an immutable property of it, since the
same object can be given in a different way., Thus if we substitute
4@ q)** for “*A**, then we obtain

“W(&Da) = ¢) = & a)”",
and this would denote the same as

“aom(aa) = a) = Wa)",
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With this we have determined the courses-of-values so far as
is here possible. As soon as there is a further question of in-
troducing a function that is not completely reducible to func-
tions known already, we can stipulate what value it is to have
for courses-of-values as arguments; and this can then be re-
garded as much as a further determination of the courses-of-
values as of that function.

§11. Substitute for the definite article: the function \¢&

In fact, we do require such functions still, If the equating of
“¢(A = )" with **A’* were allowed generally to stand,'® then we
should have a substitute in the form ¢ ®(¢) for the definite article
of ordinary language. That is, assuming ®(£) to be a concept
under which fe!ll the object A and only A, then ~S~®(a) = (A = )
would be the True, and consequently ¢ ®(e) = ¢(A = ¢) would also
be the True, and by virtue of our equating of ““¢(A =) with
A, ¢d(e) would be the same as Aj; i.e., in the case in which
®(£) was a concept under which one and only one object fell,
““?d(¢)** would designate this object. Now of course this is not
possible, because that equation could not be sustained in its
general form, but we can serve our purpose by introducing the
function

\¢
with the stipulation that two cases are to be distinguished:
1. If to the argument there corresponds an object A such that
the argument is é(A = ¢), then let the value of the function
\¢ be A itself;

which however denotes the True only if ®(£) is a concept under which
one and only one object falls, namely &®(a). Sinoe this last is not
necessary, our stipulation oannot remain intact in its general form.
The identity *“4{A =¢) = A with which we have tested this stipula-
tion is a speoial case of ‘4(¢, A) = A, and one may ask how the
function (&, {) would have to be constituted so that it might be gen-
erally determined that A was to be the same as eQe, A). Then
{QUe, &D(a)) = & a)
must be the True, consequently
2 Qa, &¥a)) = B(a)
must be the True as well, whatever funotion ¥ &) may be. We shall
later become acquainted with a function having this property in the
function £~{; but we shall define this with the aid of the course-of-
values, so that we can make no use of it here.

'83ee n. 17, above.
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2. if to the argument there does not correspond an object A
such that the argument is é(A = ¢), then let the value of the
function be the argument itself.

Accordingly Vé(A = ¢) = A is the True, and *“\é®(¢)”* denotes
the object falling under the concept ®(&) if ®(£) is a concept
under which falls one and only one object; in all other cases
“VéD(e)’” denotes the same as “/®(¢)’*., Thus for example,
2 =\é(e + 3 = 3) is the True, because 2 is the one and only ob-
ject that falls under the concept

what when increased by 3 yields 5
—a proper definition of the plus sign being presupposed.
de2=1) = \t(e?2 = 1) is the True, because more than one single
object falls under the concept square root of 1.
(e=¢€ = V(mme=0¢)

is the True, because no object falls under the concept not iden-
tical with itself. é(e + 3) = \é(e + 3) [is the True], because the
function £ + 3 is not a concept.

We have here a substitute for the definite article of ordinary
language, which serves to form proper names out of concept-
words. For example, we form from the words

‘‘positive square root of 2°°,
which denote a concept, the proper name
“‘the positive square root of 2"°,

Here there is a logical danger. For if we wanted to form from
the words ‘‘square root of 2’ the proper name ‘‘the square root
of 2" we should commit a logical error, because this proper
name, in the absence of further stipulation, would be ambig-
uous, !? hence even devoid of denotation. If there were no ir-
rational numbers—as has indeed been maintained—then even the
proper name ‘‘the positive square root of 2'" would be without
a denotation, at least by the straightforward sense of the words,
without special stipulation. And if we were to give this proper
name a denotation expressly, the object denoted would have no
connection with the formation of the name, and we should not
be entitled to infer that it was a positive square root of 2, while
yet we should be only too inclined to conclude just that. This
danger about the definite article is here completely circum-
vented, since ‘‘\é®(¢)” always has a denotation, whether the
function ®(£) be not a concept, or a concept under which falls

191 am taking for granted here that there exist negative and irration-
al numbers.
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no object or more than one, or a concept under which falls ex-

actly one object.

§12. Condition-stroke. And. Neither-nor. Or. Subcomponents.
Main component.

In order to enable us todesignate the subordination of a concept
under a concept, and other important relations, I introduce the
function of two arguments

1¢
¢

by stipulating that its value shall be the False if the True be
taken as {-argument and any object other than the True be taken
as f-argument, and that in all other cases the value of the func-
tion shall be the True. By these and earlier stipulations the
value of this function is specified also for courses-of-values as
arguments. It follows that
Ta
A

——( (-——l‘))
("—_ A) 1
X} l"")
A
we can regard the horizontal stroke in front of *‘A’’, as well as
the two parts into which the upper horizontal stroke is divided
by the vertical, as horizontals in our specific sense. We speak

here, as earlier, of the amalgamation of horizontals. The verti-
cal stroke I call the condition-stroke. It may be lengthened as

is the same as

hence in

required.
The following propositions hold:
3 32 > 9" X3 22 s> 99 ¥ 12 > 9%

3>2 , 2>2 1>2
The function -v-[ or -w--[-rf has as value always the True if the
¢ ¢

function If has as value the False, and conversely, Therefore
¢
-.-[l‘ is the True if and only if A is the True and I'" is not the
A
True. Consequently

2>3
2+3=05;

in words: 2 is not greater than 3 and the sum of 2 and 3 is 5.
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3>2

2+3=35;
in words: 3 is greater than 2 and the sum of 2 and 3 is 5. That
is,

3>2

2+3=5
is the value of the function -.-[.f for the &argument ——3 > 2 and

¢

the {-argument 2 + 3 = 5,
2% - 32
1221
in words: neither is the third power of 2 the second power of 3,
nor is the second power of 1 the first power.of 2,
In place of the propositions

“ 32> 3 “pe22> 37 Cp12 > gn
3<3 , 2<3 , 1<3 ,
we have the following:
et 325 3" ‘e 22> 3 ¢ 12 > 3
3<3 , 2¢3 1<3
Now since - 12 > 3isthe truth-value of neither the square of 1’s
1<3

being greater than 3 nor 1’s being smaller than 3, this is negated
by our last proposition above; thus it is affirmed that of the fol-
lowing two at least one is true: either that the square of 1 is
greater than 3, or that 1 is smaller than 3. We see from these
examples how the ‘‘and’’ of ordinary language (used as a sen:
tence-connective), the ‘‘neither-nor’’, and the ‘‘or’’ between
sentences, are to be rendered,

In “-[ £*, any proper name may be substituted for ‘£’ thus
A

also, for example, the proper name ‘¢

-[ **, Inthis way we obtain
A

iy

in which we may now aemalgamate the horizontals:
X3 @H
A
A,
This denotes the False if A is the True and +® is not the True, 22
A
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i.e., in this case if + ®isthe False. But this is the case if and
A
only if A is the True and ® is not the True. Accordingly,

8
-EA
A

is the False if A and A are the True while ® is not the True; in
all other cases it is the True. From this there follows the inter-
changeability of A and A;
®
-[EA
A

e
-EA

A
'EA

A

we may call “‘“——0@" the main component and ‘‘— A" and
(X3

is the same truth-value as

In

3
—— A"’ subcomponents; however, we may alsoregard “-[ " ag
A

the main component and ‘‘—— A'’ alone as subcomponent. The
subcomponents are accordingly interchangeable. In the same
way we see that

me >

is the False if and only if both A and A and E are the True while
® is not the True;in all other cases it is the True. Here too we
have interchangeability of the subcomponents *‘— A?, ' — A"’
and ‘‘—2="’, This interchangeability must properly be proved
for every case that arises, and I have done this in my booklet
Begriffsschrift for certain cases in such a way that it is easy to
treat every case accordingly, So as not to become tied up in
excessive complexity, I here wish to assume this interchange-
ability generally granted, and to make use of it in future without
further explicit mention.
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me >

is the True if and only if both A and A and = are the True while
® is not the True. Accordingly,

3<2

1<2

3>2

1>2;
in words: 3 is not smaller than 2 and 1 is smaller than 2 and 3
is greater than 2 and 1 is greater than 2;

1 <2
3>2
4> 2;

in words: 1 is smaller than 2 and 3 is greater than 2 and 1 is
greater than 2, We may imagine it split up as follows:
(33 1 < 2 12}
TiTis)
4>2 3

in which the two negation-strokes between the condition-strokes
may be canceled and the horizontals amalgamated. In

1<2
‘E 3>2
1>2
we have the value of the function Tffor the &-argument - 1 <2
¢ 3>2
and the {-argument 4 > 2, where 1<2 is the value of the same
3>2
function for the £-argument 1 < 2 and the {-argument 3 > 2,

§13. If. All. Every. Subordination. Particular affirmative
proposition. Some.
To justify the nomenclature ‘‘condition-stroke’’, let me point
out that the names “‘43% > 27, 02252 125 92 result
3>2 2>2 1>2
from “-[ 2 > 2" by ‘37, 2’ ‘1" being substituted for £,
&E>2
Let us now employ the sign ‘‘>'* in such a way that “I" > A”
denotes the True if I and A are real numbers and I' is greater
than A, and that ““I" > A’ denotes the False in all other cases;
let us further assume that the notation ““I'?** is so defined that
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it always has a denotation if I" is an object; then the value of
the function

2> 2

If > 2
is the True for every argument. Therefore,
I\‘b-[a2 > 2

a>2;

in words: if something is greater than 2, then its square is also

greater than 2. Thus too,
l\“ﬂ[a‘ =1
a2 =1 s
in words: if the square of something is 1, then its fourth power
also is 1. But one can also say: ewery square root of 1 is also
fourth root of 1; or: all square roots of 1 are fourth roots of 1,2°
Here we have the subordination of a concept under a concept, a
untversal affirmative proposition. We have called a concept a
function of one argument whose value is always a truth-value.
Here £4 =1 and £2 = 1 are functions of this kind; the latter is
the subordinated, the former the superordinated concept. The
concept -.-I: &*=1is composed out of these concepts as its char-
4

2
=1
acteristic marks; under it falls, for example, the number -1:
(-4 =1
-D?=1;

in words: -1 is square root of 1 and fourth root of 1. We saw in

§8 how the ‘‘there is’’ of natural language is to be rendered; this

may be applied so as to express that there is something which

is square root of 1 and fourth root of 1: |-n‘>-.-r[a‘ = 1. Plain-
a?=1

ly two negation-strokes here cancel each other: l-v\“/-[a‘ =1

o1

Now let us consider this from yet another side. \/-[a =lis
2-1
al=

the truth-value of if something is square root of 1 then its not
being fourth root of I1; or,as we can also say, of no square root

201t is easy to link this with a related thought, that there exists
something which is square root of 1; but we must here hold entirely
aloof from this. Likewise we must resist another related thought, that
there exists more than one square root of 1.
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of 1's being fourth root of 1. This truth-value is the False, and

consequently }-.-{‘,[a‘ = 1. Here we have the negation of a
a? =1

universal negative proposition; i.e., we have a particular affirm-

ative proposition,?! for which we can also say: ‘‘some square

roots of 1 are fourth roots of 1°°, in which, however, the plural

form must not be so understood that there has to be more than

one.
l-vs“«-[a‘ =1
a%=1;
in words: there is at least one cube root of 1 that is also fourth
root of 1, or: some (at least one) cube root of 1 is fourth root of
1.
In our symbolism the sentence-connective ‘‘and’’ appears less
simple than the function-name *‘< £*, for which a simple expres-
¢
sion in words is lacking, The relation that obtains in ordinary
language seems easilythe more natural and appropriate, because
we are used to it. What is simpler from a logical standpoint is
hard to say: one can define our ‘¢ £* by means of ‘‘and’ and
¢

negation; but then conversely, one can define ‘‘and’’ by means
of the function-name “-[ * and the negation-stroke. Obviously
¢

“b=2 + 3=5"", for example, assertslessthan‘‘fyr 2 + 3 =5, hence
2+2=4 24+ 2=4
could be held to be simpler. Therealreason forintroducing “-[ "
4

is the ease and perspicuity with which one can by its use repre-
sent deductive inference, To this we now proceed.

217he particular affirmative proposition on the one hand indeed says
less than does the universal affirmative, but on the other hand (what
is easily overlooked) also says more, since it asserts the realization
of concepts, whereas subordination occurs also in the case of empty
concepts—with thel atter, evenoccurs invariably. Many logicians seem
to assume without ado that concepts are realized, and to overlook en-
tirely the very important case of empty concepts, perhaps because they
quite wrongly do not recognize empty concepts as justified. This is
why I use the expressions ‘‘subordination’, ‘‘universal affirmative®’,
‘‘particular affirmative’’, in a sense somewhat different from theirs,
and arrive at statements that they will be impelled to hold (wrongly)
to be false.
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tit. INFERENCES AND CONSEQUENCES

§14. First method of inference.
From the propositions ** l-[F” and ** } A’ we may infer ‘* }I"*";
A

for if I' were not the True, then since A is the True 4 T" would
A
be the False, To every proposition set up in signs of Begriffs-
schrift that is to be used in a subsequent proof I shall give an
index for purposes of citation. If the proposition “l-[l"” has
A
thus received the index ‘““a’* and “‘} A’ the index ‘8", then I
write the inference either in this way, with a double colon:
X3 F[r\n
A
(=) FpT—
tr
or in this way, with a single colon:
‘4 }A,’
(a):—~—
[ B
This is the sole method of inference used in my book Begriffs-
schrift, and one can actually manage with it alone. The dictates
of scientific economy would properly require that we do so; yet
in this book, where I wish to set up lengthy chains of inference,
I must make some concessions to practical considerations. In
fact, if I were not willing to admit some additional methods of
inference the result would be exorbitant lengthiness—a point al-
ready anticipated in the Foreword to Begriffsschrift.
If we are given the propositions
X3 I" ” and ‘L}A(B’i’
A
A
I (y
then we cannot immediately make the inference described above,
butonly after we have made use of the interchangeability of sub-
components, transforming (y) into
(33 l"”
A
I
A,
But in order to avoid excessive length I do not write it all out
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explicitly, but infer directly

w it v
[a

— 11 or “ A"
(B e——— (y):—

bt *EK
) n,

where in the conclusion the subcomponents could also be differ-
ently ordered.

If a subcomponent of a proposition differs from a second prop-
osition only in lacking the judgment-stroke, then a proposition
may be inferred that results from the first proposition by sup-
pressing that subcomponent.

We also combine two such inferences in a way to be gathered
from the following., Let there be given the further proposition
“k A (p*’. Then we write the double inference in this way:

(X3 r‘"
A

A
It

Tn

15. Second method of inference. Contraposition.

(B, p)i:

The following method of inference is a little more complicated.
From the two propositions

3 l_‘ ” and (13 A L2 )
Aa 8 (5
we may infer the proposition “|-[l"’. For -[l" is the False only
e 8

if ® is the True and I" is not the True. But if @ is the True then
A too must be the True, for otherwise — A would be the False.

8
But if A is the True then if I" were not the True then -[F would
A
be the False. Hence the case of +I"'s being the False cannot

8

arise; and +I" is the True.
8
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This inference | write,

either in this way: ‘¢ |-[1" **, orin this way: * [-[A »
A 8
(8)iim == (@)im ==
r r
T8 To
If instead of the proposition (a) we have as premiss the propo-
sition given the index ‘‘y'’ in §14, then properly we must first
transform (y) as we did there, before making the inference. But
for brevity we do this tacitly, as above, writing

F F"
’EA
A or s A Y
Te

(1]

— 11
(&) == (y)im==
T r
'[E@ 0
A A
L[] o.
TA is the False if =" is the True and — A is not the True;
r
i.e., if — 1" is the False and \ is the True. In all other cases
A is the True. But the same holds for < ['; thusthe functions
A

r
-[:4 and -[.f always have the same value for the same arguments,
¢

In the same way the functions { and — £always havethesame

3 ¢

value for the same arguments. We can reduce this case to the
previous one by putting ‘‘——{** for ‘“{** and canceling juxta-
posed negation-strokes. The functions - £ and = {also always
¢ ¢
have the same value for the same arguments. Thus we may pass
from the proposition “|-[I"” to the proposition “I-EA” and con-
A r

versely, We write these transitions as follows:
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Ty
X X
Tr T

In the same way:

Ta My
XA XA
r '-[F ;

k]
these cases reducing to the first by canceling negation-strokes.

We may comprise this in a rule, as follows:
A subcomponent may be interchanged with the main component
if the truth-value of each is simultaneously reversed.
This transition we call contraposition. But further subcom- 28
ponents can be present as well; thus we have the transition

X3 l“ i3]

A
A
n
X

A

r

A

However, by making tacit use of the mterchangeability of sub-
components we can also write

&
h§<
T

L0

By double contraposition we achieve the concentration of all

= > b

subcomponents into a single one, as follows:
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(S'_ I" "
'[[A
A

— I

> |

That is, in the second contraposition we regard
(X} ”»”

Jie:

as main component and ‘‘—=1I"’ as subcomponent. Suppose we

give the truth-value
A
'l'_E A
1

the abbreviated name ‘‘®°'. Then the next-to-last proposition
above becomes “I-EO", from which follows “|—E », Ifwethen
r C}

replace ‘‘®' by the detailed expression again, we obtain the
conclusion. As is to be seen from §12, in

A
EA
i

we have the truth-value of A’s being the True and A’s not being
the True and I1’s being the True.
If we assume the propositions

“ r” and ¢ A
A A
A =
oy 2 (e

as given, then we may infer as follows: first we concentrate
the subcomponents of (¢):
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c I'TE/A\ "
=

A
X ,
A (We may now infer as 29
A at the beginning of this
= §, since this proposition
s is of the same form as
).
(e oo 4.
b
A
A
3
) |
* -
EE (Now we unwind again
r the concentrated sub-
A component.)

This last we can simplify by writing ‘‘A’* only once:

“’-E :

= b M

for
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'EA

A
is always the same truth-value as -[l".
A

A subcomponent occurring twice need be written only once.
This we call the amalgamation of identical subcomponents.
I now abbreviate the foregoing transition either in this way:

(X4

‘e I—[- A ", orin this way: “y | I" *’, and for it I set
A -E.A
2 A
) —
(i—=—- ()itm == =
| r r
=) =
z b3
L~ A A
L-——l'l e [1

up the following rule:

If the same combination of signs occurs in one proposition as
main component and in another as subcomponent, a proposition
may be inferred in whick the main component of the second is
matin component, and all subcomponents of either, save the one
mentioned, are subcomponents. But subcomponents occurring in
both need be written only once.

In a manner like that of §14 we may compress two inferences into

one. Let there be given for example, besides (¢), the propositions
(13 P 121 and (‘F n (77”’ and (X3 r‘ "

8w, A
A
n
then we may write P( ;
30 both ‘% k ©*” and ‘% e O
EA l_lA
A A
— 1 1
—P — P
(6, )ii==== (6, p)ii====
1 r I
' EA Ml A
B LA
z L8
— |1
—8
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§16. Third method of inference.
If we assume as given the propositions
X3 A " and (14 A [ 2]
] A
E =}
AL 2 (e,
then we can reduce this case to that just treated, namely in this

way:
“6 F A
-IIA
=)
3

"

(D= ———

—
The purpose of the last two contrapositions is to eliminate one oc-
currence of ‘‘—+ A’’ by amalgamation of identical subcomponents.
That — A is the same truth-value as —— A can also be understood
A
directly; for-EAis the Falseif — A is the True and A is not the
A

True, and otherwise —— A is the True. The second condition im-
A
plies the first. But —— A too is the False if A is not the True,
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and otherwise —— A is the True. We now abbreviate the fore-
going transition in this way:

“6 l-' A 9
-EA
>
(Oivmeme = .
A
I
Le
— A
L _ > ,

and express the rule as follows:

If two propositions agree in their main components, while a
subcomponent of one differs from a subcomponent of the other
only in a negation-stroke’s being prefized, then a proposition
may be inferred in which the common main component is main
component, and all subcomponents of either, save the two men-
tioned, are subcomponents. Here subcomponents occurring in
both need be written only once (amalgamation of identical sub-
components),

§17. Roman letters. Transition from Roman to Gothic letters.

Now let us look to see how the inference called ‘‘Barbara’ in
logic fits into our scheme. From the two sentences,
*“All square roots of 1 are fourth roots of 1"
and
**All fourth roots of 1 are eighth roots of 1*°,
we can infer
“*All square roots of 1 are eighth roots of 1°°.
Now if we write the premisses in this way:

sila a4 -1 and wpa aa =1”
[az =1 [a4 -1
then we cannot apply our methods of inference. We can, how-
ever, if we write them thus:

“"[Q?‘ - ln and “F[Q?s =1
z?2=1 2t =1

Here we have the case of §15. Already earlier [in §8] we made
an attempt to express generality in this way by the use of a
Romar letter, but we left off again, because we observed that
the scope of the generality was not well enough demarcated. We
now meet this objection by stipulating that in the case of a

1]
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Roman letter the scope shall comprise everything that occurs in
the proposition with the exception of the judgment-stroke.22 Ac-
cordingly with a Roman letter we cannot ever express the nega-
tion of a generality, but we can express the generality of a ne-
gation. Thus no ambiguity is any longer present. However, we
see that the expression of generality by Gothic letters and the
concavity does not thereby become superfiuous. Our stipulation
regarding the scope of a Roman letter is to set only a lower
bound upon the scope, not an upper bound. Thus it remains per-
missible to extend such a scope over several propositions, and
this renders the Roman letters suitable to do duty in inferences,
which the Gothic letters, with the strict closure of their scopes,
cannot. If we have the premisses “|-[:v‘ =1" and “hkz¥=1"and
z?=1 zé=1
infer the proposition “I-[:v8 = 1", in making the transition we ex-
r?=1
tend the scope of the ‘‘z’* over both of the premisses and the
conclusion, in order to perform the inference, although each of
these propositions still holds good apart from this extension.

Of a Roman letter we say, not that it denotes an object, but
rather that it indicates an object. In the same way we also say
that a Gothic letter indicates an object, where it does not stand
over a concavity.

A proposition with a Roman letter can always be transformed
into a proposition with a Gothic letter, whose concavity is sep-
arated from the judgment-stroke only by a horizontal. We write
such a transition thus:

Y d(e)
Re~0(a) .

Here the second rule of §8 should be observed, as in the follow-
ing example, where ‘‘2’’ may not be chosen as the newly intro-
duced Gothic letter:

23Here the use of Roman letters is explained only for the case in
which there occurs a judgment-stroke. This however is always the
case in a development of pure Begriffsschrift; for therein we always
proceed directly from one asserted proposition to another asserted
proposition.
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3 l1xa
—[a>0
e 3
1.
S—
& 1>a
—[a§0

a.>¢3

<

a> e .
In connection with the transition from a Roman to a Gothic letter
the following case should also be mentioned. Let us consider
the proposition “Ki-[d)(a)”, in which “I'” is a proper name and
I

“D(E)* is a function-name. -2 ®(a) is the False if for any ar-

r
gument the function 4 ®(¢) has the False as value. This in turn
r
isthe case if I"is the True, and the value of the function — ®(&)
is for any argument the False. In all other cases ~2— ®{a) is

r
the True. Thus *“ R&— ®(a)” asserts that either 1" is not the
.
True or the value of the function ®(¢) is the True for every argu-
ment. With this let us compare *‘‘4=&~D(2)”’. Thisdenotes the
.
False if " is the True and ~2~®(a) is the False. But the latter
is the case if the value of the function —— @®(¢) is for any argu-
ment the False. In all other cases —4=2-®(a) is the True. The
.
proposition “}-E“ﬁb(a)” thus asserts the same as does
r

“Rer d(a), If for I and “‘®(£)*’, combinations of signs
r

are substituted that do not denote an object and a function re-

spectively, but only indicate, because they contain Roman let-

ters, then the foregoing still holds generally if for each Roman

letter a name is substituted, whatever this may be,

So as to express myself more accurately, I will introduce the
following idiom. I call names only such signs and combinations
of signs as are to denote something. Thus Roman letters, and
combinations of signs in which they occur, are not names, because
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they only indicate. A combination of signs which contains Ro-
man letters and which always results in a proper name if we re- 33
place every Roman letter by a name, I will call a Roman object-
mark. And a combination of signs which contains Roman letters
and which always results in a function-name if we replace ev-
ery Roman letter by a name, I will call a Roman function-mark,
or Roman mark of a function.

We can now say: the proposition “I-ﬁd)(a)” always asserts

P

the same as does the proposition “K‘,[ ®(a)", not only if **®(&)"

is a function-name and ‘[’ is a proper name, but also if *‘®(£)"
is a Roman function-mark and ‘‘I"’’ is a Roman object-mark.
Let us apply this to the following case:

2 a> 4
> 4
Z e > 4% 23
2-e> 4
Z ¢2 > 4
e > 2.
By the foregoing, for the latter pmposition we can also write

I EQ ¢>4

Clearly, the only subcomponents whlch may be left out of the
scope of the newly introduced Gothic letter are those which do
not contain the Roman letter being replaced. I will write such

transitions thus:

Rather than introducing several GOtth letters one after another,

a? >4
2 a>4
¢
Q

2 e>4

23 The secondrule of §8 does not prohibit this iteration of “‘e'’, because
‘“a’ in the first proposition does not occur within the scope of ‘‘e’’.
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(X3 "

we write the final result straightway under the sign **~—-"’,

We comprise this in the following rule:

A Roman letter may be replaced at all of its occurrences in a
proposition by one and the same Gothic letter. The Gothic letter
must then at the same time be inserted over a concavity in front
of a main component outside which the Roman letter does not oc-
cur.®* If within this main component is contained the scope of
a Gothic letter, and within this scope the Roman letter occurs,
thenthe Gothicletter introduced for the Roman letter must be dif-

ferent from the Gothic letter already present (second rule of §8).

§18. Laws in symbols of Begriffsschrift (1. 1V. VL.).

Now we shall set up, in Roman letters, some general laws that
we shall require later. By §12,

r
'E A
l‘\

could be the False only if both [' and A were the True while I"
was not the True. This is impossible; therefore

a
T
a (I

The “‘I" is assigned to this proposition as its index (§14), and

indices will be attached to prgpositions in this way as we pro-

ceed., If we write ‘‘a’’ instead of ‘‘5’’, we can amalgamate the

identical subcomponents, so that in ** ]-[a” we have a particular
a

case of (I), which will be understood together with (I) without

explicit notice.

—— A and — A are always different, and always truth-values,
Now since ——1" is in any case always a truth-value, it must
coincide either with — A or with —— A. It follows from this
that —(——==17) = (——A) is always the True; for it could he the

—[(—[") =( —A)
False only if «=(—1") = (= A) were the True (i.e., if (—17) =
(= A) were the False) and (—1[") = (——\) were not the True
(i.e., were the False). In other words, ——(—1") =(— A) could
(—D)=( =~1)

24Thus if the Roman letter occurs in every subcomponent, then the
whole proposition (excluding the judgment-stroke) must be regarded as
the main component, and the concavity with the Gothic letter must
then be placed separated from the judgment-stroke only by'a horizontal.
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be the False only if both (—1") = (—A) and (—=T") =(—A)
were the False, which, as we just saw, is not possible. There-
fore

(—a) =(—1b)

(—a)=( ~b (IV
The brackets to the right of the identity-sign are dispensable.

From the denotation of the function-name ‘A&’ (§11), there

follows:

be=Va=9 (V1

tv. EXTENSION OF THE NOTATION FOR GENERALITY

§19. Generality with respect to functions. Function-letters.
Object-letters.

Up to this point, generality has been expressed only with re-
spect to objects. In order to enable the same for functions, we
distinguish as function-letters the letters “‘f*, ‘g%, “‘A™, “F",
“@”, *“H»’, and the corresponding Gothic letters: as opposed
to the other letters, which we call object-letters,?% so that the
former shall indicate only functions, and never objects (as ob-
ject-letters do). Among the object-letters we also reckon the
small Greek vowels, since they occur without the smooth breath-
ing only at places where proper names may also stand. In gen-
eral after a function-letterthere follows within its scope a brack-
et whose interior contains either one place, or two separated by
a comma, according as the letter is to indicate a function of one
argument or of two. Such a place serves to receive a simple or
complex sign that denotes or indicates an argument, or occupies
the argument-place in the manner of the small Greek vowels.
Clearly, within its scope a function-letter must occur accom-
panied everywhere by one argument-place, or everywhere by two.
The scope in the case of Roman function-letters comprises ev-
erything occurring in the proposition save the judgment-stroke,
and in the case of Gothic letters is demarcated by means of a
concavity with the Gothic letter standing alone. In this, the
use of function-letters wholly agrees with that of object-letters,
We may next consider some illustrative examples.

§20. Laws in symbols of Begriffsschrift (lla. Ill. V.).

~2-®(a) is the True only if the value of the corresponding func-
tion ®(¢) is the True for every argument. Thus in such a case

23 with the exception of ‘“¥*’, which is being reserved for a special
purpose.
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®(I") must likewise be the True. It follows that ®(1") is al-
Teoa)

ways the True, whatever function of one argument ®({) may be.

(Here we must observe the first rule of §8, so as to recognize

the corresponding function ®(£). For example, if one were to

(X3

write Y(I', ~2~X(1°, a))*’, then one could only appear to have
E"P(a, ~2-X(a, o))
names of the same function in the main component and subcom-
ponent. In fact, the subcomponent would be formed by use of
the function-name “¥(£, ~2~X(a, ))’’, and the main component
by use of the function-name ‘‘¥(&, <2-X(&, a))’.) We now under-
stand by «f ()" the truth-value of one’s always obtaining
C—“ f(a)
a name of the True, whatever function-name one may substitute
in place of “‘f’’ in * Iy’ This truth-value is the True,
S~{(a)
whatever object ‘‘1™’' may denote: }\L[:Z(a). Since here the con-
-f(a)
cavity with the *‘{** is separated from the judgment-stroke only
by a horizontal, we may drop the concavity and write a Roman
letter in place of the Gothic letter. Thus,
fla)

=~ fla) (Ila
Perhaps we might render this law in words in this way: What
holds for all objects, holds also for any.

According to §7 the function of two arguments ¢ = { always
has as value a truth-value, viz., the True if and only if the ¢-
argument coincides with the &-argument. If 1" = A is the True,
then f(I) is also the True; i.e., if I" is the same as A, then

f(A)

I falls under every concept under which A falls; or, as we may
also say: then every statement that holds for A holds also for
[". But also conversely; if [' = A is the False, then not every
statement that holds for A also holds for I', i.e., then ()

f(A)
if the False. For example, I' does not fall under the concept
¢ = A, under which A does fall, Thus, I'= )\ is always the same

truth-value aSV[£ f(I"). Consequently, [the truth-value] f ()

f(a) [K(A)
falls under every concept under which [the truth-value] I' = A
falls. Thus,
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g f(a))
e
We saw in §§3 and 9 that an identity of courses-of-values may
always be transformed into the generality of an identity, and
conversely:
He’f(e) = &g(a)) = (&~ f(a) = g(a)) (V
Here the first rules of §§8 and 9 are to be observed.

§21. Functions and concepts of first and second level.

If we are to give a general explanation of the use of function-
letters we require anothertechnical term, which will be explained
at this point,

If we consider the names

v a 2 _ 4 ¢
= ’

‘e a 2_],9
. a a® = .

feSra > 0”, ‘v-\/n-[

a >0
then we easily see that we ohtain them from *‘—=&+ ®(a)* 28 by
replacing the function-name ““‘®(£)** by names of the functions
£2 =1, £>0, and v+ £2= 1. Clearly, only names of functions of

TE.{ >0
one argument—not proper names, nor names of functions of two
arguments—may be substituted, for the combinations of signs
being substituted must always have open argument-places to re-
ceive the letter “*a’’; 27 and if on the other hand we wanted to
substitute a name of a function of fwo arguments, then the (-
argument-places would remain unfilled. For example, in order to
substitute a name of the function ¥(¢, ¢}, we might perhaps feel
inclined to write *‘—=&—¥(a, a)'’; but in that case we should in
fact have substituted, not a name of the function ¥(& ¢), but
rather a name of the function of one argument ¥(&, &) (first rule
of §8). If we wanted to write **—+2~¥(a, 2}, then we should
again be substituting only a name of a function of one argument,
the function ¥(£, 2). One might perhaps let the *“* stand:
el ¥(a, £)’'; here we should have a function whose argument

26ct, §13.

27That functions (such as &= £or fz—f- &) that have the same value
for every argument—one might call them constant functions—are nev-
ertheless to be distinguished from this value, this object, itself, I
have shown in my essay [/ber Function und Zegriff, p. 8.
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was indicated by ‘‘{”’. We may combine our consideration of
this case with the case in which the argument-sign in “X(&"
is replaced by “‘®(£)’’: “X(®(£))’. We commonly speak here of
a ‘function of a function’, but inaccurately; for if we recall that
functions are fundamentally different from objects, and further
that the value of a function for an argument is to be distin-
guished from the function itself, then we see that a function-
name can never occupy the place of a proper name, because it
carries with it empty places that answer to the unsaturatedness
of the function. If we say ‘‘the function ®(£)'’, then we must
never forget that ‘£’ belongs to the function-name only in the
sense that it renders this unsaturatedness recognizable. Thus
another function can never occur as argument-of the function X(§),
though indeed the value of a function for an argument can do so:
e.g., ®(2), in which case the value is X(®(2)). If we write **X{P(H)"’,
then by *“‘®(£)* we only indicate the argument in the way in
which we indicate itin *X(£)" by “‘£”’. The function-name isreally
only a part of ““®(£)*’, so that the function does not occur here
as argument of X(¢), because the function-name fills up only a
part of the argument-place. So too, one cannot say that in
“ - Y(a, ()" the function-name *“¥(£, {)* occupies the place
which the function-name “®(£)** occupies in ‘2~ $(a)*’; for it
fills up only a part of it, whereas another part, namely the place
of the **{”°, is still open for a proper name. Functions of two
arguments are just as fundamentally different from functions of,
one argument as the latter are from objects. For whereas ob-
jects are wholly saturated, functions of two arguments are sat-
urated to a lesser degree than functions of one argument, which
too are already unsaturated.

In ¢l P(a)*’, therefore, we have an expression in which we
may replace the name of the function ®(£) by names of functions
of one argument, but not by names of objects, and not by names
of functions of two arguments. This gives us cause to regard

a a

~2ra? =14 +&r+a>0, and -.v-.-,[a2=l,as values of the same
a >0

function
2 ¢la)
for different arguments. Here, however, these arguments are
themselves again functions, namely the functions of one argument
£3 =14, £>0, and 1[59 = 1; and only functions of one argument
& >0
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are capable of being arguments of our function =%+ &(a). If we
say, ‘‘the function -~ &(a)’*, then **¢3*” is a proxy for the sign
of an argument, just as “‘£’ in the expression ‘‘the function
£2-4" is a proxy for a proper name that could appear as sign of
an argument. ‘‘¢"’ in our present case is not to be assigned to
the function any more than ‘“£*’ in the previous case. We now
call those functions whose arguments are objects first-level
functions; on the other hand, those functions whose arguments
are first-level functions may be called second-level functions.
The value of our function —=2~+ ¢(«} is always a truth-value,
whatever first-level function we may take as argument. To con-
form with earlier nomenclature, we shall accordingly call it a
concept: namely a second-level concept, to distinguish it from
first-level concepts which are first-level functions.
Our function =S ¢(a) had, for the arguments taken previously,
the True as value, If we take now as argument the function
3 = _1, then we obtain in =~Savr a® = -1 the False, because
Tf >0 Ea >0
there is no positive cube root of —1. In the same way the value
of our function for the argument £+3 is the False; for we may
always replace +=2r a+3 by =Sr(——=a+3); and this is the
False because the value of the function — £+ 3 is always the
False—if, that is, we assume the plus sign to be so defined that
the value of the function £+3 is not the True for any argument.

§22. Examples of second-level functions. Unequal-leveled
functions and relations.
We have another second-level function in

a <

l Eo'(_a
(b(“) ]

where again ‘‘¢' is a proxy for the sign of the argument. Its
value is the True for every first-level concept as argument, under
which not more than a single object falls, Accordingly,

" < a=e Ta < a= e
e+l =3 e = @
a+1=3,

a = a.

On the other hand,
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We also have a second-level function in &(2). The values of
this function are in part truth-values, as, for example, for the
arguments £+& = £- & £+1 = 4, to which there correspond the
values 2+2 = 2.2 and 2+1 = 4, and in part other objects, as,
for example, the number 3 for the argument £+ 1. This second-
level function is distinct from the number 2 itself, since, like
all functions, it is unsaturated,

The second-level function —= ¢(2) is distinguished from the
previous function by the fact that its value is always a truth-
value. It is thus a second-level concept, which we may call
property of the number 2; because every concept under which
falls the number 2, falls under this second-level concept, and no
other first-level functions of one argument fall under this second-

leve! concept, 28
(2)
*E:[a iy
#la)

In
we also have a second-level concept, which we could call prop-
erty of the number 2 that belongs to it exclusively.

2~ #(a) is also a second-level concept. We have a second-
level function that is not a concept in ¢ ¢3(e).

In order to have an example from analysis, let us consider the
first derivative of a function. We regard the function as argu-
ment. If we take a particular function, for example ¢2, as argu-
ment, then we obtain first another first-leve! function 2.¢; and
only if we take an object as argument of this function—for ex-
ample, the number 3—~do we obtain as value an object: the num-
ber 6. The first derivative is accordingly to be regarded as a
function of two arguments, the first of which must be a first-
level function of one argument, the second of which must be an
object. On this account we may call it an unequal-leveled func-
tion of two arguments. From it we obtain a second-leve! func-
tion of one argument if we saturate it with an object-argument—
for example, the number 3, i.e., if we determine that the first
derivative is to be formed for the argument 3. 2°

28¢f, n, 12, above.

291t must be presupposed here, as in all of the examples drawn from
arithmetic, that the signs of addition, multiplication, and so on, as
well as that of the first derivative, have been so defined that a name
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We also have an unequal-leveled function of two arguments in
— (&), where ‘£ occupies and renders recognizable the
place of the object-argument and ‘‘¢( )*’ that of the function-
argument. Since the value of this function is always a truth-
value, we can call it an unequal-leveled relation. It is the rela-
tion of an object to a concept under which it falls,

We have second-level, equal-leveled relations in:

S d)(a) and - ¢(a)

[n,/l(a) E Y(a)

where ‘¢’ and ‘Y’ render recognizable the argument-places.
In the latter relation, for example, stand the concepts ¢3=1 and

&2 = 1; for we have
ey et = 1
a2 =1

R4
in words: at least one square root of 1 is also cube root of 1.

§23. Types of arguments ond argument-places. Second-level
functions of arguments of type 2 and type 3.

Inthe examples given hitherto, we have had as arguments func-
tions of one argument. Sl ¢la, <) is a second-level con-
cept whose argument must be a function of two arguments. Un-
der this concept there fall all relations such that there are ob-
jects which stand in these relations. We can, in fact, mention
relations—one might call them empty relations—in which no ob-
jects stand to one another; for example, the relation -.-[ 2.£=2.¢;

£=¢
for, I--\“/s‘,-lla =2 e,

In order to have another example for this case, let us try to
express the many-oneness of a relation. By this we understand
that for every {-argument there exists not more than one {-argu-
ment such that the value of our function (relation) X(& ¢ for
these arguments is the True, We may also say: if from the fact
that ¢ stands to & in this relation, and that ¢ stands to ¢ in this
relation, it follows universally that & coincides with ¢, then we

say that this relation is many-one. Or: if from the fact that
X(a, b) is the True and X(e, ¢) is the True it follows universally
correctly formed out of these together with proper names always has a
denotation—which, of course, the customary definitions do not achieve.

In them, invariably, only numbers are taken into account, for the most
part without saying what a number is.
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that ¢ = b is the True, then we call the function X(&, ¢) a many-
one relation, if it is a relation at all,
e d a d=a

X(Q, a)

X(e, d)
must be the True if the relation — X(&, ¢) is to be many-one.
If we put for ‘‘X’* the ‘‘¢’’ that renders argument places recog-
nizable, we then obtain in

«i_e d_a d=a

Hle, a)

Hle, d)
the name of a second-level function that requires a first-level
function of two arguments as argument. This second-leve!l func-
tion is a second-level concept under which fall all many-one
relations, but also functions X(&, £) such that —X(¢, O is a
many-one relation. (The many-oneness is here always intended
in the direction from the &-argument to the {-argument.) If we
take as argument of our second-level function the function
&% = ¢, then we obtain as value of the function,

2 _
< = a
e’ =4d,

that is, the True; whereas the False appears as function-value

if we take as argument the function & = £2:
e _d_a d=aq 30
= 02
e=d2,

We see from these examples the great multiplicity of functions,
We see, too, that there are basically different types of functions,
since the various argument-places are basically different. Those
argument-places, in fact, that are appropriate for admission of
proper names, cannot admit names of functions, and vice versa,
Further, those argument-places that may admit names of first-
level functions of one argument, are unsuited to admit names of
first-level functions of two arguments. Accordingly, we dis-
tinguish:

arguments of type 1: objects;

arguments of type 2: first-level functions of one argument;

arguments of type 3: first-level functions of two arguments.

30 with appropri ate definition of{"a for arguments that ere not numbers.
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In the same way we distinguish:

argument-places of type 1, which are appropriate to admit proper
names;

argument-places of type 2, which are appropriate to admit names
of first-level functions of one argument;

argument-places of type 3, which are appropriate tc admit names
of first-level functions of two arguments.

Proper names and object-letters are fitting for the argument-
places of type 1; names of first-leve! functions of one argument
are fitting for the argument-places of type 2; names of first-level
functions of two arguments are fitting for the argument-places of
type 3. The objects and functions whose names are fitting for
the argument-places of the name of a function, are fitting argu-
ments for this function. Functions of one argument for which
arguments of type 2 are fitting we call second-level functions
of one argument of type 2; functions of one argument for which
arguments of type 3 are fitting, we call second-level functions
of one argument of type 3.

Just as in a2~ a=a we have the value of the second-level func-
tion <&~ ¢(a) for the argument & = &, so too we may regard
\e,-[i(l+1) as value of a third-level function for the argument

f(2)
-[¢(1+ 1), which itself is a second-level function of one argu-

&(2)
ment of type 2.

§24. General explanation of the use of function-letters.

It is now possible to explain generally the use of function-
letters,

If after a concavity with a Gothic function-letter there follows
a combination of signs composed of the name of a second-level
function of one argument and this function-letter, which fills up
the argument-places, then the whole denotes the True if the
value of that second-leve!l function is the True for every fitting
argument; in all other cases, it denotes the False., Which places
are argument-places of the correspornding second-level function,
is to be decided according to the first rule of §8. Also the sec-
ond rule of §8 has for function-letters all the validity it has for
object-letters,

We have herewith introduced two third-level functions, whose
names may be written thus:
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“\E"#B(Z(B))” and “\Z""'By(e(ﬁ’ y))n

in which we render the argument-places recognizable here with
“yB” and “uﬁy”, just as we render the argument-places of types

2 and 3 recognizable with “¢’ and “¢’’, and of type 1 with
‘€ and L0 ““[3” and “uBy” are, however, no more supposed

to be signs of the Begriffsschrift than the former letters, but
serve us only provisionally. If we take as arguments for the
first-named third-level function the following second-level func-
tions of one argument of type 2, in order:

2~ $la), #(2), rlra=e
| -[-d)(e)
éla) ;

then we obtain as values:

{ o

e, L, Lore—a--
fle)
fa) .
§25. Generality with respect to second-level functions. Basic
Law llb.

We still require a method of expressing generality with respect
to second-level functions of one argument of type 2, One might
suppose that this would not nearly suffice; but we shall see
that we can make do with this, and that even this occurs only
in a single proposition. It may be briefly observed here that
this economy is made possible by the fact that second-level
functions can be represented in a certain manner by first-level
functions, whereby the functions that appear as arguments of
the former are represented by their courses-of-values. But the
notational device necessary for this does not belong to the prim-
itive notations of the Begriffsschrift; we shall introduce it pres-
ently by the use of our primitive signs. Since our means of ex-
pression is used only in a single proposition, it is not neces-
sary to explain it in full generality.

We indicate a second-level function of one argument of type 2
in this way:

“/‘I ( )n
B(d: B)

by using the Roman function-letter <‘Y°’,3!

as we indicate a

31Thus this letter is not an ohject-letter.
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first-level function of one argument by ““f(£€)*’. *‘&( )" here
renders recognizable the argument-place, just as ‘£’ does in
“AE. The letter ‘B here in the brackets fills up the place
of the argument of the function occurring as argument [of the
wholel. The use of ““¥ (&(B8)) is to second-level functions

B

precisely as the use of “*f{¢)* is to first-level functions. We
avail ourselves of this expression of generality in the following

Basic Law:
EMB(f(B))
‘ B(ﬁ(B)) (ITb

in words: What holds for all first-level functions of one argu-
ment holds also for any. Obviously this Basic Law is for our
second-level functions what (IIa) is for first-level functions.
”MB" here corresponds to the letter ‘‘f** in (IIa); ‘*f* here cor-

responds to the ‘‘a’’ in (Ila); and “‘{'’ here corresponds to ‘“‘a’’

in (Ila). Let QB(qs(B)) be a second-level function of one argu-

ment of type 2, whose place is rendered recognizable by ‘‘¢*’,
Then \E»QB(i(B)) is the True only if for every fitting argument

the value of our second-level function is the True. Then
Q _(d(B)) must also be the True, Consequently

B 0,(0(8)
{ 2,08
is always the True, whatever first-level function of one argu-
ment ®(&) may be, regardless whether \LQB(K(B)) is the True

or the False, and our Basic Law (IIb) asserts this generally for
every function of second level of one argument of type 2.

2. DEFINITIONS
t. GENERAL REMARKS
§26. Classification of signs. Names. Marks. Proposition of
Begriffsschrift. Transition-sign.
The signs explained in the foregoing will now be used for the
introduction of new names. But before I enter upon the rules to
be observed in such an undertaking, it will aid understanding if

I classify our signs and combinations of signs into types and
adopt terminology for these.
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The Gothic, Roman, and Greek letters occurring in the Be-
griffsschrift I will not call names, because they are not sup-
posed to denote anything. On the other hand I call *‘~&~a = a"’,
for example, a name, because it denotes the True; it iS a proper
name. Thus I call a proper name, or name of an object, a sign,
simple or complex, that is supposed to denote an object, but not
a sign that merely indicates an object.

If from a proper name we remove a proper name that forms a
partof it or coincides with it, at some or all of the places where
the constituent proper name occurs—but in such a way that these
places remain recognizable as capable of being filled by one
and the same arbitrary proper name (i.e., as being argument-
places of type 1),then I call that which we obtain by this means
a name of a first-level function of one argument. Such a name,
combined with a proper name filling the argument-place, forms
a proper name, Accordingly we have a function-name too in*‘¢"*
itself, provided that the letter *‘£*’ is only to render recognizable
the argumenteplace. The function named by it has the property
that its value for every argument coincides with the argument
itself,

If, from a name of a first-level function of one argument, we
remove a proper name that forms a part of it, at all or some of
the places where it occurs—but in such a way that these places
remain recognizable as capable of being filled by one and the
same arbitrary proper name (i.e., as being argument-places of
type 1), then I call that which we obtain by this means a name
of a first-level function of two arguments.

If, from a proper name, we remove & name of a first-level func-
tion that forms a part of it, at all or some of the places where
it occurs—but in such a way that these places remain recogniza-
ble as capable of beingfilled by one and the same arbitrary name
of a first-level function (i.e., as being argument-places of type 2
or type 3), then I call that which we obtain by this means a name
of a second-level function of one argument—an argument of type
2 or type 3, according as the argument-places are of type 2 or
type 3.

Names of functions I call for short function-names.

It is unnecessary to pursue further these explanations of the
types ‘of names.

If, in a proper name, we replace proper names that form a part
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of it or coincide with it by object-letters, and function-names by
function-letters, then I call that which we obtain by this means
an object-mark or mark of an object. If this replacement is by
Roman letters only, then I call the mark so obtained a Roman
object-mark. Thus the object-letters are also object-marks, and
the Roman object-letters are Roman object-marks.

A sign (proper name or object-mark) consisting solely of the
function-name “‘¢ = {** and proper names or object-marks stand-
ing in the two argument-places, I call an i{dentity.

If, in a function-name, we replace proper names by object-
letters and function-names by function-letters, then I call that
which we obtain by this means a function-mark: a mark of a
function of the same kind as that from whose name the mark has
been obtained. If this replacement is by Roman letters only,
then I call the mark so obtained a Roman mark of a function.
The function-letters are also function-marks, and the Roman
function-letters are Roman function-marks.

The judgment-stroke I reckon neither among the names nor
among the marks; it is a sign of its own special kind, A sign
consisting of a judgment-stroke and a name of a truth-value with
a horizontal prefixed, I call a proposition of Begriffsschrift, or
where no doubt can arise, a proposition. In the same way, I call
proposition of Begriffsschrift (or proposition) a sign consisting
of a judgment-stroke and a Roman mark of a truth-value with a
horizontal prefixed.

Signs such as
‘“(a): " e, Bz ==, (Diim - SRLD Gt
which stand between the propositions so as to indicate the way
in which the one below is yielded by the one above, I call ¢ran-
sttion-signs.

§27. The double-stroke of definition.

In order now to introduce new signs in terms of those already
familiar, we require the double-stroke of definition, which ap-
pears as an iterated judgment-stroke coupled with a horizontal:

‘I,
and which is used in place of the judgment-stroke where some-
thing is to.be, not judged, but abbreviated by definition. We
introduce a new name by means of a definition by stipulating
that it is to have the same sense and the same denotation as
some name composed of signs that are familiar. Thereby the
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new sign becomes the same in meaning* as that being used
to define it; and thus the definition goes over directly into a
proposition. Hence we may cite a definition in the same way
as a proposition, in the process replacing the stroke of defini-
tion by the judgment-stroke.

A definition is always presented here in the form of an iden-
tity with *‘|}** prefixed. To the left of the identity-sign we will
always write the definiens, and to the right the definiendum.
The definiens will be composed of familiar signs.

§28. Correct formation of names.

For definitions I now set up the following leading principle:

Correctly-formed names must always denote something.

I call a name correctly-formed, if it consists only of signsintro-
duced as primitive or by definition, and if these signs are used
only as what they were introduced as being: thus, proper names
as proper names, names of first-level functions of one argument
as names of functions of this kind, and so on, so that the argu-
ment-places are always filled by fitting names or marks.

To correct formation it further appertains, that Gothic and
small Greek letters are used only in a way suitable to their
purpose,

Thus a Gothic letter may stand over a concavity only if there
immediately succeeds this concavity a mark of a truth-value,
composed of the name or the mark of a function of one argument
together with the same Gothic letter in the argument-places. A
function-letter must occur either everywhere in its scope with
one argument-place or everywhere with two. A Gothic letter may
stand in an argument-place onlyif there stands to its left a con-
cavity with the same letter, demarcating its scope. Only a
Gothic letter may stand over a concavity.

A small Greek vowel may stand under the smooth breathing
only if there immediately follows an object-mark, composed of
a name or a mark of a first-level function of one argument and
of the same Greek letter filling the argument-places. A small
Greek vowel may stand in an argument-place only if the same
letter precedes it with a smooth breathing, demarcating its scope.

*wird gleichhedeutend. In view of the previous sentence, it seems
best to translate this in the manner of the ordinary German gleich he-
deuten and not to restrict it to Frege’s technical use.
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Only a small Greek vowel may occur with the smooth breathing.
§29. When does a name denote something?

Now we answer the question, When does & name denote some-
thing? confining ourselves to the following cases.

A name of a first-level function of one argument has a denota-
tion (denotes something, succeeds in denoting) if the proper
name that results from this function-name by its argument-
places’ being filled by a proper name always has a denotation
if the name substituted denotes something.

A proper name has a denotation if the proper name that results
from that proper name’s filling the argument-places of a denoting
name of a first-level function of one argument always has a de-
notation, and if the name of a first-level function of one argu-
ment that results from the proper name in question’s filling the
£-argument-places of a denoting name of a first-level function of
two arguments always has a denotation, and if the same holds
also for the {-argument-places.

A name of a first-leve! function of two arguments has a denota-
tion if the proper name that results from this function-name by
its £-argument-places’ being filled by a denoting proper name
and its (-argument-places’ being filled by a denoting proper
name always has a denotation.

A name of a second-level function of one argument of type 2
has a denotation if, from the fact that the name of a first-level
function of one argument denotes something, it follows gener-
ally that the proper name that results from its being substituted
in the argument-places of our [name of a] second-level function
has a denotation.

It follows that every name of a first-level function of one argu-
ment which, combined with every denoting proper name, forms a
denoting proper name, is also such that if combined with any de-
noting name of a second-level function of one argument of type
2, it forms a denoting [proper] name.

The name “\e,uﬁ(f(ﬁ))” of a third-level function succeedsin

denoting, if, from the fact that a name of a second-level func-
tion of one argument of type 2 denotes something, it follows
generally that the proper name that results from its being sub-

stituted in the argument-place of “\e,uB (f(B)’* has a denota-

tion.

84

46



47

§30. Two ways to form a name.

The foregoing provisions are not to be regarded as definitions
of the phrases ‘*have a denotation’’ or ‘‘denote something”’, be-
cause their application always presupposes that we have al-
ready recognized some names as denoting. They can serve only
inthe extension step by step of the sphere of such names. From
them it follows that every name formed out of denoting names
does denote something. This formation is carried out in this
way: a name fills the argument-places of another name that are
fitting for it. Thus there arises

[A] a proper name

{1] from a proper name and a name of a first-level func-
tion of one argument,
or [2] from a name of a first-level functionr and a name of a
second-level function of one argument,
or [3] from a name of a second-level function of one argu-
ment of type 2 and the name b uB(K(B))"of a third-
level function;
[B] the name of a first-level function of one argument
(1] from a proper name and a name of a first-level func-
tion of two arguments.
The names so formed may be used in the same way for the for-
mation of further names, and all names arising in this way suc-
ceed in denoting if the primitive simple names do so.

A proper name can be employed in the present process of for-
mation only by its filling the argument-places of one of the sim-
ple or composite [names of] first-level functions. Composite
names of first-level functions arise in the way provided above
only from simple names of first-level functions of two arguments
by a proper name’s filling the é- or the {-argument-places. Thus
the argument-places that remain open in a composite function-
name are always also argument-places of a simple name of a
function of two arguments. From this it follows that a proper
name that is part of a name formed in this way, wherever it oc-
curs, always stands at an argument-place of one of the simple
names of first-level functions [of two arguments]. If now we
replace this proper name at some or all places by another, then
the function-name* so arising is likewise formed in the way

*The text has ‘‘Eigenname’’ (‘‘proper name’’), incorrectly, because
the procedure being described does not in this case yield a proper
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stated above, and thus it also has a denotation, if all the sim-
ple names employed as well succeed in denoting.

Of course in this we are assuming that the simple names of
first-level functions of one argument have only one argument-
place, and that the simple names of first-level functions of two
arguments have only one ¢- and one {-argument-place. Other-
wise it could indeed occur in the case of the replacement just
described that related argument-places of simple function-names
were filled by different names, and an explanation of the deno-
tation for this case would be lacking. But this can always be
avoided: and must be avoided, so as to prevent the occurrence
of denotationless names. And there would certainly be no point
in introducing several {-argument-places or several {-argument-
places into the simple function-names.

On this assumption, then, we see the possibility of a second
procedure for forming names of first-level functions. To wit:
we begin by forming a name in the first way, and we then ex-
clude from it at all or some places, a proper name that is a part
of it(or coincides with it entirely)—but in such a way that these
places remain recognizable as argument-places of type 1, The
function-name resulting from this likewise always has a deno-
tation if the simple names from which it is formed denote some-
thing; and it may be used further to form denoting names in the
first way or in the second.

Thus, for example, in the first way we can form, from the prop-
er name ‘“A’’ and the function-name *‘¢ = {*’, the function-name
““A = £, and further from the latter name and ‘‘A*’, the proper
name “‘A = A, In the second way we form from ‘“‘A = A’ the
function-name **¢ = £, and then in the first way, from this and
the function-name ‘=S~ ¢(a)’’, form the proper name *‘~2-a=a"’.

All correctly-formed names are formed in this manner.

name. The point being introduced is this. If, in a denoting ‘compos-
ite’ expression *“®(A)** or “D(A, )", containing a constituent proper
name “‘A’", replacement of that proper name by & proper name al ways
results in an expression having denotation provided that the name
substituted has a denotation, then the result of removing *A’, i.e.
() or “®(£, ), may be cealled a name having denotation. This
procedure of forming a name is the ‘second way’. The special case
at this point is of the type (A, O”. Two paragraphs below, it is
of the other type, “®(A)** (specifically, “A = A™).
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§31. Qur simple names denote something.

Let us apply the foregoing in order to show that the proper
names, and names of first-level functions, which we can form
in this way out of our simple names introduced up to now, al-
ways have a denotation. By what has been said, it is neces-
sary to this end only to demonstrate of our primitive names that
they denote something. These are

1. names of first-level functions of one argument,

5‘— f”, (i_'_f”, (X3 \69;
2. names of first-level functions of two arguments,
“1&” “E=4M
IC b
3. names of second-level functions of one argument of type 2,
“&m Hlak?, “éple)’’;

4. names of third-level functions,
(X3 2 ))H “\L ( "
qu(i(B , Hg fB, YN,

of which the last may be left out of account because it will
not actually be used.

First let it be noted that there always occurs only one &- and
onlyone {-argument-place. We start from the fact that the names
of truth-values denote something, namely, either the True or the
False. We then gradually widen the sphere of names to be rec-
ognized as succeeding in denoting by showing that those to be
adopted, together with those already adopted, form denoting
names by way of the one’s appearing at fitting argument-places
of the other.

In order now to show, [first, that the function-names *‘em— £
and ‘‘=~ &' denote something, we have only to show that those
names succeed in denoting that result from our putting for *‘£&°
a name of a truth-value (we are not yet recognizing other
objects). This follows immediately from our explanations. The
names obtained are again names of truth-values,

If in the function-names “-[ *and “¢ = £ we put names of

¢

teuth-values for “*£** and for *‘{**, then we obtain names that de-
note truth-values. Consequently our names of first-level func-
tions of two arguments have denotations.

To investigate whether the name *‘~2- ¢(a)*’ of a second-level
function denotes something, we ask whether it follows universally
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from the fact that the function-name “‘®(£)'* denotes something,
that ‘‘~S~ ®(a)’’ succeeds in denoting. Now “‘®(¢)** has a deno-
tation if, for every denoting proper name ‘‘A*’, *“‘®(A)'"* denotes
something. “If this is the case, then this denotation either al-
ways is the True (whatever *‘A’’ denotes), or not always. In
the first case ‘‘~S~ ®(a)*’ denotes the True, in the second the
False. Thus it follows universally from the fact that the sub-
stituted function-name *‘®(£)** denotes something, that *‘~2- ®(a)**
denotes something. Consequently the function-name ‘-2~ ¢(a)**
is to be admitted into the sphere of denoting names. The same
follows similarly for “\Luﬁ(l(B))”.

The matter is less simple with ‘¢ #(€)’’; for with this we are
introducing not merely a new function-name, but simultaneously
answering to every name of a first-level function of one argu-
ment, a new proper name (course-of-values-name); in fact not
just for those [function-names] known already, but in advance
for all such that may be introduced in the future. To the inquiry
whether & course-of-values-name denotes something, we need
only subject such course-of-values-names as are formed from
denoting names of first-level functions of one argument. We
shall call these for short fair* course-of-values-names. Wemust
examine whether a fair course-of-values-name placed in the ar-
gument-places of ‘= & and ‘‘— £’ yields a denoting proper
name, and further whether, placed in the ¢£-argument-places or
in the {-argument-places of 4+ &* and ‘£ = ¢, it always forms

¢
a denoting name of a first-level function of one argument. If we
substitute the course-of-values-name ‘¢ ®(¢)** for **{” in*‘¢ =,
then the question is thus whether*‘£é=¢®(¢)" is a denoting name -
of a first-level function of one argument, and to that end it is to
be asked in turn whether all proper names denote something that
result from our putting in the argument-place either a name of
a truth-value or a fair course-of-values-name. By our stipula-
tions, that ““é¥(¢) = i®(e)”’ is always to have the same denota-
tion as ““~2 ¥(a) = P(a)”’, that *‘¢(——¢)*is to denote the True,
and that “é(e = =& a = a)" is to denote the False, a denota-
tion is assured in every case for a proper name of the form
“T = A, if ““I"*’ and ‘“‘A”* are [air course-of-values-names or

srechte.
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names of truth-values. Thereby it is also known that we always
obtain a denoting proper name from the function-name ““£= (&= 8)"’,
if we put in the argument-places a fair course-of-values-name,
Since now according to our stipulations the function ——— ¢ al-
ways has the same value for the same argument as the function
E=(£= 9, it is also known of the function-name *‘——— £'° that
a proper name of a truth-value always results from it by substi-
tution of a fair course-of-values-name. By our stipulations the
names ‘“‘—=A’’ and ‘“+ I’ always have denotations if the names
A
fe— A’ and ‘‘—1I* denote something. Since this is now the
case if “I™” and ‘‘A’’ are fair course-of-values-names, we al-
ways obtain denoting proper names from the function-names
“em & and ‘£’ by placing fair course-of-values-names or
¢
names of truth-values in the argument-places, We have seen
that each of our simple names of first-level functions *‘e—— £,
e £, S £ € = £, up to now recognized as denoting, pro-
¢

duces denoting names upon admission of fair course-of-values-
names in the argument-places. Thus the fair course-of-values-
names may be admitted into our sphere of denoting names. There-
by, however, the same thing is decided for our function-name
““é p(e)”’, since it now follows universally from the fact that a
name of a first-level function of one argument denotes some-
thing, that the proper name resulting from its being substituted
in ““¢&(e)’* denotes something.

From among our primitive names there now remains only “‘\ £,
We have determined that ‘‘\A*’ shall denote I, if{there exists an
object I' such that] *‘A*’ is a name of the course-of-values ¢(e=I'),
and that on the other hand ‘*\A’' shall denote A, if there exists
no object I' such that ‘*A’’ is a name of the course-of-values
é(e=I"). By this adenotation is assured forall cases for a proper
name of the form ‘‘VA’’ and therewith for the function-name ‘‘\¢’,

§32. Every proposition of Begriffsschrift expresses a thought.

In this way it is shown that our eight primitive names have
denotation, and thereby that the same holds good for all names
correctly compounded out of these. However, not only a deno-
tation, but also a sense, appertains to all names correctly formed
from our signs. Every such name of a truth-value ezpresses a
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sense, a thought. Namely, by our stipulations it is determined
under what conditions the name denotes the True. The sense
of this name—the tAought—is the thought that these conditions
are fulfilled. Now a proposition of Begriffsschrift consists of
the judgment-stroke and of a name or a Roman mark of a truth-
value. (But such a mark is transformed into the name of a truth-
value by the introduction of Gothic letters in place of Roman
letters and the prefixing of concavities according to §17. If we
imagine this carried out, then we have only the case in which
the proposition is composed of the judgment-stroke and a name
of a truth-value.) It is now asserted by such a proposition that
this name does denote the True. Since at the same time it ex-
presses a thought, we have in every correctly-formed proposi-
tion of Begriffsschrift a judgment that a thought is true; and here
a thought certainly cannot be lacking. It will be the reader’s
task to make clear to himself the thought of each proposition of
Begriffsschrift, and I shall take pains to facilitate this as much
as possible at the outset.

The names, whether simple or themselves composite, of which
the name of a truth-value consists, contribute to the expression
of the thought, and this contribution of the individual {compo-
nent] is its sense. If a name is part of the name of a truth-
value, then the sense of the former name is part of the thought
expressed by the latter name.

§33. Principles of definition,

The following are our standard principles for definitions:

1. Every name correctly formed from the defined names must
have a denotation. Thus it must always be possible to produce
a name, compounded out of our eight primitive names, that is the
same as it in meaning®*, and the latter must be unambiguously
determined by the definitions, up to inessential choices of par-
ticular Gothic and Greek letters.

2. It follows from this that the same thing may never be de-
fined twice, because it would then remain in doubt whether these
definitions were consistent with one another.

3. The name defined must be simple; that is, it may not be
composed of any familiar names or names that are yet to be de-
fined; for otherwise it would remain in doubt whether the

*Gleichbedeutend ist, Cf, translator’s note, p. 83, above.
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definitions of the names were consistent with one another.

4. If on the left-hand side of the definitional identity we have
a proper name formed from our primitive names or defined names,
then this always has a denotation, and we shall place on the
right-hand side a simple sign not previously employed, which is
now introduced by the definition as a proper name having the
same meaning*, so that we may in future replace this sign
wherever it occurs by the name standing on the left. Of course
this sign may never be used as a function-name, for to do so
would be to cut off the route back to the primitive names,

5. A name introduced for a first-level function of one argu-
ment may contain only a single argument-place. With more ar-
gument-places it would be possible to fill these with different
names, and then the name defined would be being used as the
name of a function of more than one argument, whereas it would
not be defined as such. If a name of a first-level function of
one argument is defined, the argument-places on the left-hand
side of the definitional identity must be filled with one Roman
object-letter, which also renders recognizable the argument-
place of the new function-name on the right-hand side. The def-
inition then asserts that the proper name that results on the
right-hand side from substitution of a denoting proper name in
the argument-place, shall always have the same meaning** as
that which results on the left-hand side from substitution of the
same proper name in all argument-places. The one argument-
place of the name defined thus represents all those of the de-
finiens. Wherever the defined name may occur subsequently, its
argument-place must always be filled by a proper name or an
object-mark.

6. A name introduced for a first-level function of two argu-
ments must contain two and only two argument-places. The
mutually related argument-places on the left-hand side must be
occupied by one and the same Roman object-letter, which also
renders recognizable one of the two argument-places on the
right-hand side; argument-places that are not related must con-
tain different Roman letters. The definition then asserts that
the proper name which results on the right-hand side from sub-
stitution of denoting proper names in the argument-places, shall

*Gleichbedeutend. Cf, the previous note.
ssleichbedeutend sein.
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always have the same meaning* as that which results on the
left-hand side from substitution of the same proper names in the
corresponding argument-places. One argument-place on the
right-hand side thus represents all the £-argument-places on the
left-hand side, and the other represents all the {-argument-
places.

7. Thus there must never occur on one side of a definitional
identity a Roman letter that does not occur on the other. If the
object-mark on the left-hand side is transformed into a correctly-
formed proper name, by the Roman letters’ being replaced by
proper names, then by our stipulations the function-name de-
fined always has a denotation.

Cases other than those just mentioned will not occur in the
sequel,

tt. PARTICULAR DEFINITIONS
§34. Definition of the function ¢~ (.

It has already been suggested, in §25, that in further devel-
opments, instead of second-level functions, we may employ first-
level functions. This will now be shown. As was indicated
then, this is made possible through the functions that appear as
arguments of second-level functions being represented by their
courses-of-values—though of course not in such a way that they
simply give up their places to them, for that is impossible,

In the first instance it is a matter only of designating the
value of the function ®(¢) for the argument A, i.e., ®(A), by
means of *‘A’ and ‘‘é®(e)’’. I do so in this way:

“Anid()”,
which is to mean the same as* “‘®(A)’’. The object $(A) thus
appears as the value of the function of two arguments £~ (¢ for
A as &argument and ¢®(e) as (-argument.

But £~ { must now be defined for all possible objects as argu-
ments. This may be done as follows:

IV (+&prgla) =a \=anu
TR0 z

Since here a function of two arguments is being defined, two
Roman letters occur on both the left- and the right-hand side,
Although the definiens contains only familiar notation, a few
explanatory remarks are in order. We have on the left-hand side

*Gleichbedeutend sein.
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a Roman mark, which results from the proper name
v (—.-&-[9(8) = a \"’ by substitution of ‘‘a’’ for ‘@** and ‘"’
= c’g(c))
for *‘I""’, This proper name has the form ‘‘\a®(a)’’. With it, by
§11, there are two cases to distinguish, according as one can
find an object A that and that alone falls under the concept
— ®(£), or not. In the first case \a®(a) is A itself. Applied
to our case, this means that if there exists an object A such
that -v-v-[‘i ¢(8) = A is the True, whereas the function
39(6)

-n?,-l:g(e) = £ has the False as value for all arguments other
= 6’9(()
than A, then A itself is \a( 9(9)—a)), Now, #8)=A
[ =égle [ [ =égle
is the True if there exists a first-level function of one argu-
ment whose value for the argument ® is A and whose course-of-
values is I'. Otherwise 4(8) = A is the False. If we as-
[:F = dgle)
sume that I" is a course-of-values, then by [choice of] I it is
determined what value a function has, whose course-of-values
is T, for the argument ®. In that case there exists one and only
one such value, and this vdlue is \a (--&[ 4(®) = a), or 8nT.
[ =égle)
If, however, I’ is not a course-of-values, then the function
¢(®) = £ has the False as value for every argument, and
[ [=¢ go
in that case our stipulation is to be drawn upon, that *“\A" is
to denote A itself if there exists no object A such that A is the
course-of-values ¢(A = ¢). Accordingly, if I' is not a course-of-
values, “‘@AI""" denotes the course-of-values of a function
whose value for every argument is the False: thus, é(=r¢ = ¢).
To recapitulate, two cases must be distinguished if the value
of the function £~ is to be fully determined. If the {-argument
is a course-of-values, then the value of the function £~ is the
value, for the ¢{-argument as argument, of the function whose
course-of-values is the (-argument. If on the other hand the (-
argument is not a course-of-values, then the value of the func-
tion £~ for any £-argument i8 é(—a—¢ = ).
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§35. Representation of second-level functions by first-level
functions.

Here we see confirmed, what we could gather from consider-
ations already set out, that the function-name ‘£~ has a de-
notation. Only this is fundamental to the forthcoming conduct
of proofs; our elucidation could be wrong in other respects with-
out placing the correctness of those proofs in question; for only
the definition itself is the foundation for this edifice. The def-
inition is supposed to serve, as we said at the outset, to enable
first-level functions to be applied in place of second-level func-
tions. Let us see in some examples how this purpose is achieved,
In §22 we cited the second-level function ¢(2). Now for “‘¢(2)"
we can write “2~¢¢(e)*’. This is still the name of a second-
level function; but if we write ‘£ for ‘¢ ¢(e)"’, then we have in
2~ ¢ the name of a first-level function, The function $(2)
has for the function ®(£) as argument the same value as has the
function 2~ ¢ for ¢ ©(¢) as argument: that is, ®(2), If as argu-
ment of the function 2~ £ an object is taken that is not a course-
of-values, then we have no corresponding argument of the sec-
ond-level function ¢(2), and the reciprocal representability of
the two functions, of first and second level, ceases.

To the second-level functions

<

-r&-v-QS(a) and \“a—-\,-[a = e

ole)
&(a)
there correspond in the same way the first-level functions
-r\‘.lf'!'df\f and \c";----\./-[¢ a= e
¢r\§
u.f\f .

§36. Thedouble course-of-values. The extension of a relation.

So as to find other examples, let us try to arrange the repre-
sentation of functions of two arguments by objects, in a way
similar to that used for functions of one argument. Of course a
simple course-of-values cannot be used to this end, but only a
double course-of-values, whichis to a function of two arguments
what a simple course-of-values is to a function of one argument.

Let us proceed by way of examples from the function of two
arguments £+ (. If we take as (-argument the number 3, for ex-
ample, then we still have in £+3 a function of one argument,
whose course-of-values is &¢+3). A corresponding feature holds
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for every {-argument, and we have in {(¢+¢) a function of one
argument, whose value is always a course-of-values, If we im-
agine the & and the {-argument, and the value of the function
£+, represented as rectilinear codrdinates in space, then we
can illustrate the course-of-values ¢(e+3) by a straight line, If
we allow the {-argument to vary uniformly, then this straight
line is placed in motion and describes a plane. At each of its
positions it illustrates a course-of-values, the value of the func-
tion é(¢+¢) for a certain (-argument. Now the course-of-values
of the function ¢+ ¢) is &é(e¢+ a), and this I call a double course-

of-values. Now,

Andéle+a) = é(e+ )
is the True, and so is

I—‘n(Ar\&G’((+a)) = l‘r\(,((+A),
and since
I'néle+A) =T +A
is the True,
Pa(Anaéle+a)) =T +A

is also the True. Here on the left-hand side we see a double
course-of-values representing the function of two arguments
[{whose name occurs] on the right-hand side—of course, not in
such a way that what represents simply takes over the place of
what is represented, for that is impossible, but only in this way:
in the double course-of-values {whose name occurs] on the left-
hand side is captured what is peculiar to the function [whose
name occurs] on the right-hand side, what distinguishes it from
other first-level functions of two arguments. If the function of
two arguments is a relation, we may say for ‘‘double course-of-
values’’ also ‘‘extension of the relation’.

One may still ask what A (A A®) is to be if @ is not a double
course-of-values but instead either a simple course-of-values or
not a course-of-values at all. In the first case A~® is not a
course-of-values, and consequently I'~(A ~®) is the same as
é(——¢ =¢). In the other case, A ~® coincides with é(—~¢ = o),
and

FA(AAB) =Tné(—e=¢)

is the True; and so I'A(AAB®) = (T =T is also the True;
i.e., [An(AA®) is in that case the False,
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§37. Definition of the function I¢.
In place of the second-level function
Ple, a)
(i)(c., d)

(§23), we can now consider the first-level function
e _d & d-a

| Een(ana
enl(d r\f).

We introduce a simple notation for this, by defining as follows:

I3 \‘;\d/-\‘.‘,-[d=a =1Ip
¢n(ar\p)

enld r\P)

(r

By §23,

e d & d=a

| Fer\(anA)
en{dnA)

is the truth-value of the relation — £n({nA)’s being many-
one; i.e., for every £-argument there being either no {-argument,
or only one, for which the value of our function is the True, or,
as we can also say, for every object there being at most one ob-
ject to which it stands in the relation — £A({ A A). If A is not
a double course-of-values, then by §36 the value of the function
¢ n (¢ A A) is either the False or else é(—¢ = ¢). Since this
last is not the True, the value of the function —— ¢ n (£ A A) is
always the False if A is not a double course-of-values; i.e.,
then — £~ (.~ A) is a relation in which no object stands to
any object. In such a case IA is the True. We are introducing
the function-name *‘I£** particularly with a view to the cases in
which the extension of a relation appears as argument. If this
relation is X(& &), then 14é X(¢, a) is the True if the relation
X(4, {) is many-one (going from the £- to the {-argument), Thus,
for example, }14¢(e? = a). By our definition, *‘I*’ may be used
only as a functional sign that precedes the argument-sign or a
proxy for it.

§38. Definition of the function )&

Now we can draw closer to our goal, the definition of number.
in my Grundlagen der Arithmetik 1 based this definition on the
relation that I called ‘equinumeracy’. The definition of the
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latter offered in §72 (p. 85) of my Grundlagen is:
The expression
‘““the concept F is equinumerate with the concept@’’
is to mean the same as* the expression
‘‘there exists a relation ¢ that correlates one to
one the objects falling under the concept F with
the objects falling under the concept &’*.
Now what is it for the relation ¢ to correlate the objects fall-
ing under the concept F with those falling under the concept G?
It is, (§71 of Grundlagen) for every object that falls under F to
stand in the relation ¢ to an object falling under the concept
@, or more accurately, that the two propositions
‘“a falls under F*

and
‘‘a does not stand in the relation ¢ to any object
falling under @’

cannot hold simultaneously for any a.

We now take as concept F, — ¢A["; and as concept &,
——£¢nA; and as relation ¢, — £~ ({~T). Then we can ex-
press the foregoing in signs of Begriffsschrift thus:

d dnl 82
2 GI\A
dr\(u.l'\T).

The relation must be many-one. If we add this condition, we

have

d dnl’

SaranA
dn(anT)
IT
(On *‘and”’, cf. §12.) We regard this as value of the function of
two arguments
d dnf
< ar\c
dnlanT)
IT

sSei gleichbedeutend. In this case the rendering is justified by the
fact that Frege is quoting from Grundlagen, where ‘‘bedeuten’ is not
used in the special sense that he subsequently gave it. Cf. Austin’s
note to his translation of Grundlagen, p. i.

33 ere 4d" corresponds to ‘‘a*’ of the expression in words.
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for the arguments I" and A, This function is a relation. Its

double course-of-values is
d

&é dne h
ana
dn(u.r\T)

L IT J
We regard the last as value of the function
&¢ -,.qu dne 7
N ana
dr\(u.nf)
L. ___I,f .

for the argument T. For this function we introduce a brief name
by means of the following definition:
Ib &épamd dne =)

ana

dn(aﬁp)

Ip (A
The value of this function is always the extension of a rela-
tion. What now is I'n (A~ }T)? By the definition,

PnrAndd d dne
< ana
dﬁ(ar\T)
IT
is to be substituted for this, or 57
d dnal’
< anA
dr\(ar\T)
IT .
This is the truth-value of the relation —- & ~ ({ ~n T)’s correlat-
ing many-one the objects falling under the concept — ¢ T
with objects falling under the concept — £ n A. 1 wish to in-

troduce for this the briefer expression, ‘‘the T-relation maps the
I’-concept into the A-concept'’, by calling in general a concept
whose extension is I°, I"-concept, and a relation whose exten-
sion is T, T-relation.

§39. Definition of the function ¥¢.

Now if equinumeracy is to obtain between the concepts, there
must be a relation concerning which there holds not only what

was said above of the T-elation, but also the corresponding
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thing concerning its converse, where the roles of 1" and A are
interchanged, so that it maps the A-concept into the 1'-concept.
To this end it is desirable to introduce a function-name *‘¥¢*
such that if T is the extension of a relation, ¥T is the exten-
sion of its converse, To this end we define:

|[Féélanlenp)) = ¥p (E
The relation
—¢én(Ln¥T),
or
—énlndd(anlenT))),

is then the same as —— £ n(&AT).

§40. Definition of the function B¢

Thus in order to say the same of the converse of the relation
—¢n(¢{AT) as we have said of the relation itself, we need
only replace “T*’ by “{T". Accordingly, I'a(AA)T) is the

TAn(r‘n)xT)
truth-value of the T-relation’s mapping the [-concept into the
A-concept, and its converse’s mapping the A-concept into the
I’-concept—assuming, of course, that I" and A are extensions
of concepts and T the extension of a relation. For these con-
cepts to be equinumerate, there must exist such a relation.
— £a(¢AT) is always a relation, whatever object ““T?’ may
denote, and every relation admits of being designated in the
form *‘e—— £~({~T)"’, by having its extension taken for T. Ac-
cordingly ~~3—Tn(An)g) is the truth-value of the concepts

An (rr\)xq)
—&nl and —¢nA’s being equinumerate. We can regard
this as value of the function -m‘btfn(An)q) for the argument
An(én)ie)

I". This function is a concept, whose extension is

6, "/ Gf\(Ar\>q) >

( An (Gn ).34;) .
And according to my definition (Grundlagen, §68), this extension
is the Number that belongs to the concept — £~ A. Instead of
‘‘Number that belongs to the A-concept”, I also say briefly,

*‘Number of the A-concept'. I now define:

”-(’ -v\/-[q (n(Un) ) = Pu
( Uf\((r'\)‘iq)) (Z
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§41. Definition of 9.

Accordingly, #é(——¢ = ¢) is the Number of the ¢(—¢ = ¢)-con-
cept, or the Number that belongs to the concept — ¢ = £, and
this is the Number nought (Grundlagen §74). Later it will turn
out to he necessary to distinguish the Number nought from the
number nought*: hence I shall mark out the former by an oblique
stroke. I define:

[F#é(—ec=¢) =9 (®
§42. Definition of 1. Concept of Number.

In this way I also define (Grundlagen, §77):

F#ée=8)=1 (1
The oblique stroke in **% is to distinguish the Number one
from the number one.* Accordingly, 1is the Number that belongs
to the concept ¢ = Q.

L ~+Pu = [" is the truth-value of there existing a concept to
which the Number I" belongs, or as we may also say, of ["’s be-
ing a Number. Accordingly we call the function =%+ Pu = £
the concept of Number.

§43. Definition of f.

We still need to explain the relation in which a member of the
Number-series stands to the member directly succeeding it.
Here I cite my definition (Frundlagen §76) in somewhat altered
wording:

If there is a concept —— £~ T and an object A falling un-

der it, such that the Number belonging to the concept

——&nlM is A and the Number belonging to the concept

TE = A is @, then I say: A follows in the Number-series
EnT

directly after 8,

Now we have in
Br=A
-'EAnF
”(’(-r[t = A) =8
enl’

the truth-value of A’s being the Number belonging to the con-
cept —— EnT, and A’s falling under this concept, and 8’s be-
ing the number of the ¢ (-r'[e = A) -concept. Accordingly, we
=
have in ¢
*Cf. the Editor's Introduction, pp. liv-lv.
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Bu=A

anu

B

the truth-value of A’s following in the Number-series directly
after @, We consider this as value of the function

u_a ”u=£

WE;?ZT )¢

for the arguments ® and A, The extension of this relation is
Pu=a

[
_ME’"(‘I )],

and for this a simpler name will be introduced:
[} &é [~ B = @

| A @

Accordingly, ‘“8n(1~ f)’* expresses that 1 follows in the Num-
ber-series directly after Q.

€= a

€ENnu

€= a
€Enu
(8] u
aé <
€= a

€Enu

f

€

§44. Some propositions of Begriffsschrift as examples.

-The six propositions singled out in §78 of my Grundlagen may

be listed here in our signs*:

b2 "

[1.] “I-[a=1 [2.] “taﬂu
Qnlanh , Pu-=1 ,
59 [3.] “hyrd=a [4.] ¢ By = 1
any ST enu
dnu dera=d
Pu=1, an¥
dnu .

*The corresponding

assertions in words in §78 of Grundlagen ere as

follows, together with their point of appearance in the body of derived
theory in Grundgesetaze:
1. If a follows in the series of naturas numbers directly after 0, then
a=1 [Grundgesetse, theorem 114.]
2. If 1 is the Number that belongs to a concept, then there exists
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I leave it to the reader to make the sense clear to himself, *‘If”’
expresses that the f-relation is many-one; in other words: that
for every Number, there is not more than one single Number that
follows it directly in the Number-series. *‘1¥f’ expresses that
for every Number, there is not more than one single Number that
directly precedes it in the Number-series. The fifth of the prop-
ositions mentioned is rendered by [5.] ¥ .
1 f
[6.] “Heeranlanh?
a=98
< Pu=a

asserts that for every Number except 8 there is a Number im-
mediately preceding it in the Number-series.

§45. Definition of the function 2.£. Following and preceding
in a series.

The f-relation orders the Numbers in such a way that there
arises a series. We have now to explain generally the meaning
of ‘‘an object follows an object in a series’’, where the type of
this series is determined by the relation in which a member of
this series always stands to the member directly following. I
reiterate the explanation given in §79 of my Grundlagen and in
Begriffsschrift, in somewhat different words.

If the proposition

““if every object to which A stands in the T-relation falls

an object that falls under that concept. [Grundgesetae, theo-
rem 113.]

3. If 1 is the Number that belongs to a concept F, then, if the ob-
ject z falls under the concept F and if y falls under the concept
F, then z = y; that is, z is the same as y. [Grundgesetze, theo-
rem 117.]

4. If an object falls under the concept F, and if it can be inferred
generally from the propositions that # falls under the conoept F
and that y falls under the concept F that z = y, then 1 is the
Number that belongs to the concept F. [Grundgesetze, theo-
rem 122.]

5. The relation of m to n that is established by the proposition:
‘‘n follows in the series of natural numbers directly after m"
is a one-one relation. [Grundgesetze, theorem 90.]

6. Every Number except 0 follows in the series of natural numbers
directly after a Number. [Grundgesetze, theorem 107.]
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under the concept — F(&), and if from the fact that an
object falls under this concept, it follows generally that
every object to which it stands in the T-relation likewise
falls under the concept —— F(£), then ® falls under this
concept’’
holds good generally for every concept — F(§), then we say
@ follows in the T-series after A*.
Accordingly,
I #(®)
St Fa)
An(anT)
d _a F(a)
dnlanT)
Fa)
is the truth-value of 8’s following after A in the T-series. We
can regard this as value of the function

3 5

2 Fla)
EnlanT)

drsr Fla)
dn(anT)

F(a)

for the arguments A and 8. The extension of this relation is
| F(a)
r Fla)
(n(a nT)
d a ?(a)
dnlanT)
@

We can regard this extension as value of the function

&l F(a)
2t Fla)
(n(ana
s Fla)
dn(an@
F(a)

for the argument T. For this last function I introduce a simple
name, by defining:
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|F aé 3 F(a)
2t Fla)
£n(anq)
ey Fla)
dn(anq)
F(a) (K
Accordingly, ““A~(®n~ ZT)” expresses that @ follows A in the
T-series. And “An~(Bn-=f) expresses that ® follows A in the
Number-series.
In place of *‘® follows A in the T-series”, I also say, ‘‘A pre-
cedes @ in the T-series’’.

§46. Definition of the function J.£&
®=A is the truth-value of @’s either following A in
An(B®AZT)
the T-series or else coinciding with A, For this I say more
briefly that ® belongs to the T-series that begins with A, or that
A belongs to the T-series that ends with ®, 1 regard this as
value of the function = = ¢ for the arguments A and 8,
-Efn (£n2T)
The extension of this relation is a¢é a=ce . This ex-
(.Etn(an—"[‘))
tension I regard as value of the function aé (-[a =¢ ) for
3

enlans

it
!\
L)

the argument T, and I introduce a simple name, by defining:

 Teana) ™ n

Accordingly, An(® ~ ST) is the truth-value of @’s belonging to
the T-series that begins with A. In virtue of which, 8~ (8 ~n Sf)
is the truth-value of @’s belonging to the Number-series that be-
gins with 8, for which I also say, that ® is a finite Number.

In §82 of my Grundlagen I cite the proposition that the Num-
ber that belongs to the concept

belonging to the Number-series that ends with n

directly follows n in the Number-series, if n is a finite Number.
We can now render this in the following way:

“l-[nn(”(nn\sf)nf)"
n(nndh 5
for (® nGf) is the extension of the concept belonging to the
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Number-series that ends with 8.

3. DERIVED LAWS

§47. We have just seen how concepts and objects with which
we shall be working later can be designated in our signs. But
this would be of little consequence if we could not also com-
pute with them, if we could not present trains of inference with-
out admixture of words, could not conduct proofs. Now that
we have become acquainted with the Basic Laws and the meth-
ods of inference which are to be employed, it is time to de-
rive from them laws we shall be using later, so as to exhibit
at the same time the style of calculation. First let us collect
the Basic Laws and the Rules, and add a few supplementary
points,

Summary of the Basic Laws

a, a
"IIb I.[a (I (§18)
a

& fla) (Ma (§20) 2 M) (Wb (§25)

[ ]
y(i[l(a)) pi—a-(—"
T f(5) (—a) =( =0) (IV (§18)

‘gla = b) (1l (§20)

[ ] [ ]

FERe) = &g(a)) = («S~ fla) = gla)) (V (§20)

®
Fa=\la=¢ (VI (§18)

§48. Summary of the Rules.

1. Amalgamation of horizontals.

If as argument of the function — £ there occurs the value of
this same function for some argument, then the horizontals may
be-amalgamated.

The two portions into which the horizontal stroke in ‘‘— &*
is divided by the negation-stroke are both horizontals in our
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sense,
Also, the lower horizontal stroke and the two parts of the up-
per horizontal stroke in “-[ * are all horizontals in our sense,
¢

Finally, the strokes directly on either side of the concavity in

& $(a)" are horizontals in our sense.

2. Interchange of subcomponents.

The subcomponents of the same proposition may be inter-
changed with one another as desired.

3. Contraposition.

A subcomponent may be interchanged in a proposition with the
main component if the truth-value of each is simultaneously
reversed,

Transition-sign: X.

4. Amalgamation of identical subcomponents.

A subcomponent occurring more than once in the same propo-
sition need be written only once.

5. Conversion of a Roman letter to a Gothic letter.

A Roman letter may be replaced at all of its occurrences in a
proposition by one and the same Gothic letter, viz., an object-
letter by an object-letter, and a function-letter by a function-
letter. The Gothic letter must then at the same time be inserted
over a concavity in front of a main component outside which
the Roman letter did not occur. If within this main component
is contained the scope of a Gothic letter, and within this scope
the Roman letter occurs, then the Gothic letter replacing this
Roman letter must be different from the Gothic letter already
present.

Transition-sign: ~—.
This sign is also used if several Gothic letters are to be intro-
duced in this way. Although one may write the end result di-
rectly, the Gothic letters must be understood as introduced one
after the other.

6. Inference (a)

If a subcomponent of a proposition differs from another propo-
sition only in lacking the judgment-stroke, then a proposition
may be inferred that results from the first proposition by sup-
pressing that subcomponent.
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Transition-signs: ( ):
and
( )

k]
combined inferences: ( , )i:i=——=.

7. Inference (b).

If the same combination of signs (proper name or Roman ob-
ject-mark) appears in one proposition as main component and in
another as subcomponent, a proposition may be inferred in which
the main component of the second is main component, and all
subcomponents of either, save the one mentioned, are subcom-
ponents. Here, by Rule (4), identical subcomponents may be
amalgamated.

Transition-signs: ( )ie ——

and
( )i===;
combined inferences: ( , ):z===z
and
(, )i==== .

8. Inference (c).

If two propositions agree in their main components, while a
subcomponent of one differs from a subcomponent of the other
only in a negation-stroke's being prefixed, then a proposition
may be inferred in which the common main component is main
component, and all subcomponents of either, save the two men-
tioned, are subcomponents,

Transition-sign: ( )i 1=e—mtmim.,

9. Citation of propositions. Replacement of Roman letters.

Where a proposition is cited by its index, a simple inference
may be incorporated in which every Roman object-letter is re-
placed at all of its occurrences in the proposition by the same
proper name or the same Roman object-mark.

Likewise, each of the Roman function-letters ‘‘f’’, “‘g’’, “‘p*’,
“F?, @, ‘‘H’’ may be replaced at all of its occurrences in
the proposition by the same name or the same Roman mark of a
first-level function of one or two arguments, according as the Ro-
man function-letter indicates a function of one or two arguments.

Where the Law (IIb) is cited, “MB” may be replaced at both
of its occurrences by the same name or the same Roman mark of
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a second-level function of one argument of type 2.

Regarding the word ‘‘same’’ in the second and third paragraphs
of this Rule, it is to be observed that the argument is not a part
of the function, and that hence a change of argument-sign does
not alter the function-name, If the same function-name is to
occur at more than one point, it is necessary that the related
argument-places correspond with each other. As to the ques-
tion of which are to be regarded as related argument-places,
these rules are to be observed:

All places at which there occurs a Gothic letter within its
scope, yet not within an enclosed scope of the same letter and
not over a concavity, are related argument-places of the corres-
ponding function.

All places at which there occurs a small Greek vowel within
its scope, yet not within an enclosed scope of the same letter
and not with a smooth breathing, are related argument-places of
the corresponding function.

10. Citation of propositions. Change of Gothic letter.

Where a proposition is cited by its index, a Gothic letter may
be replaced over the concavity and at all argument-places of the
corresponding function by another Gothic letter, viz., an object-
letter by an object-letter and a function-letter by a function-
letter, the same throughout: so long as this does not result in
a Gothic letter, occurring in a scope enclosed within its own,
becoming the same as the letter already present whose scope
is the one enclosed,

11. Citation of propositions. Change of Greek vowel.

Where a proposition is cited by its index, a Greek vowel may
be replaced under the smooth breathing and at all argument-
places of the corresponding function by another Greek vowel,
the same throughout: so long as this does not result in a Greek
letter, occurring in a scope enclosed within its own, becoming
the same as the letter already present whose scope is the one
enclosed,

12. Citation of definitions.

Where a definition is cited by its index, the definition-stroke
may be replaced by the judgment-stroke, and any alterations
made that are permitted by Rules (9), (10), and (11) for the cita-
tion of propositions.
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Stipulations on the use of brackets.

13. The entire context standing to the right of a horizontal is
to be regarded as a whole standing in the place of ‘£’ in
“—— £, except as brackets prohibit this.

14. The entire context standing to the left of the identity-
sign as far as (but not including) the nearest horizontal is to
be regarded as a whole standing in the place of ‘£ in **£=¢",
except as brackets prohibit this,

Accordingly ‘‘a = b = ¢*’, for example, is to be regarded as
‘(@ = 8) = ¢”. But since ‘‘a = b = ¢ can also be used in an-
other sense, I shall in that case insert the brackets.

15. Everything standing to the right of an identity-sign as far
as (but not including) the nearest identity-sign is to be regarded
as a whole standing in the place of ‘£ in ‘£ = {*, except as
brackets prohibit this.

16. We have certain names of functions of two arguments,
such as ““£ = £ and “‘é~ (", possessing argument-places on
the left-hand and on the right-hand side. Such function-signs I
shall call bilateral. For bilateral function-signs, with the ex-
ception of the identity-sign, let the following hold:

The entire context standing to the left of such a sign as far
as the nearest identity-sign or horizontal is to be regarded as a
whole standing at the left-hand argument-place, except as brack-
ets prohibit this; and the entire context standing to the right of
such a sign as far as the nearest bilateral function-sign is to
be regarded as a whole standing at the right-hand argument-
place, except as brackets prohibit this.

17. Names of functions of one argument have hitherto been,
and in the sequel will be, so formed that the argument-place
stands to the right of the function-sign proper, as with ““I£°,
e, v Re, vpp, 280, 468 For such unilateral func-
tion-signs, with the exception of the horizontal, let the follow-
ing hold:

The entire context standing to the right of a unilateral func-
tion-sign as far as the nearest bilateral function-sign is to be
regarded as a whole standing at the argument-place of the uni-
lateral function-sign.

18. If a horizontal terminates at the left unattached, then we
enclose it together with its argument-sign in brackets.
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§49. Derivation of some propositions from (I).

Let us first derive some propositions from (I).

I shall now cite (I) in this way: by Rule (9) of §48 I write
“a=5" for **5**, and by Rule (1) I amalgamate the horizontals.
My way of citing a proposition is shown by the following:

I a
b
a

X

b
’Ea
a (la

By the above, *‘(Ia)’”’ is made the index of the new proposition.
As for the transition, compare Rule (3). Use is also made of
the interchangeability of subcomponents by Rule (2).

In the following derivation I cite (I) by writing *‘—~a’’ for **a”’.

I a
b
a

X

a
ﬁ;a
b (Ib

Here in applying Rule (3) ‘‘o+ @’ is to be regarded as the main
component. b
I }-l;[a Ia Tb
b a
a a
X X

a a
Tia Fb
b (Ic a (Id
In the following derivation, (I)is understood in the form “|-[a”,
a

and now “-E @’ is written in place of “*@”’, (If we assume (I) in
b
the original form and write “-[:a” instead of ‘‘a’’, then we first
b

obtain
110
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in which we can amalgamate the identical subcomponents by

Rule (4). We can also regard the following in the same way.)

I I

b b
a a
b b
X X
a a
b b
a a
ar

We may compare w1th this the remarks in §12 concerning ‘‘and”’.
In the following (Ie) is cited by our writing ‘‘e”’ for ‘5’ and
amalgamating the identical subcomponents.

a
[
a (Ig

§50. Derivation of the main principles of the function ¢ = ¢.

Now we shall derive the chief laws governing the function
£ = ¢ For a start, by Rule (9) of §48 we replace the function-
letter ‘“¢’* in (III) by our name of the function —— ¢ and amal-

gamate the horizontals.
m o)
()
a=1b

fa)
Ad)
a="% (Illa
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This transition is made by Rule (7), and (IIb) is cited in the
form

(13 ﬂa)”
)
L ia)
(o)

where by Rule (9) “MB(qS(B))" is replaced by the Roman mark
of a second-level function *‘+ ¢(a)’’.
@(d)
Illa |-T fa)
f5)

—a =205

In the following derivation the function-letter *‘f"* in (Illa) is
replaced by the Roman function-mark “‘— A£)**, and the hori-
zontals are amalgamated.

Mla | fla)

[ 1o

L_a=b
X
by A
.[ﬂa)
~a=1b (Ille

— f(b) (I11d
We may render (IIIa) in words somewhat as follows: if a coin-
cides with 5, then everything that holds of & holds of a. (Illc)
is similar, (IIld) we may express thus: if a statement holds
for a that does not hold for 3, then a does not coincide with b.

In the following derivation the function-letter *‘¢** in (III) is
replaced by the function-name *‘—=¢&°* and *‘4* is replaced
by “a"'

112



67

M pede fa)
).Ez(a)
a=a

X
a=a
>qwz)
(o) (a
I fa)
fla)
f(a)
Ka) (B
(a):
fa=a (Ille

This last proposition is indeed obvious by our explanation of
the identity-sign, but it is worthwhile to see the way in which
it can be developed out of (III). Furthermore this gives us an
opportunity to note some points that are also to hold for later
derivations. The second proposition has been given the index
“a”. A small Greek letter used in this way is to retain a fixed
meaning as an index only within a given derivation, so that in
another derivation it may be used as index for a different propo-
sition. A derivation terminates with a proposition that first re-
ceives an index other than a small Greek letter. In our deriva-

tion above there follows beneath the proposition (a) the sign

‘l_ ._",
to announce that we are there breaking off the train of inference
and initiating a new one, which is only linked to the earlier at
the point at which we cite (a). The transition to (B8) follows by
Rule (5), and that from (B) to (Ille) by Rule (8). Now let us, in

(Illa), replace the function-letter *‘f’* by the Roman function-

mark “5 = £°.
Ila b=a
Tb: b
a=1b

(Ille): : ——
b==a
a=1b% (it
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This inference follows by Rule (8).
In the following inference, in (Illc) and (Illa) ““a” is replaced
by ‘“—=a”’, ““b” by ‘‘—~ea’’, and the function-letter ‘‘f** by the

function-name ‘‘—=£'', and the horizontals are amalgamated
where possible.
Illc a
T.
(—a) = (+a)
X
IT!'(—G) = (—ra)
~a (a
—_——
Illa a
T
(—=2a) = (—+a)
X
I'[(—G) = (~a)
a (B
(@) rmom o m oo s
fr(—a)=(=a) (g

In the transitions to (a) and (B8) the identical subcomponents
are amalgamated by Rule (4). The last inference is made by
Rule (8).

In the following derivation we replace the function-letter *‘f’
in (Illc) by the Roman function-mark *‘fa) = A£)*’.

e b Aa) = AB)
Ka) = fa)

a=1b
(Ile)::
fa) = Ab)
a=15% (I1ilh

In the following derivation the function-letter ‘‘g** in (III) is re-
placed by ‘e F(~== £)'* and the horizontals are amalgamated.

114



brfa
"

F{—a=1"5)
X
F(TG: b)
F fla)
(\’[K(b)) (a
() e e e
F(e——a = b)
Fla=1b) (B
Lrf—a=1b)
fla = 8) (y
M by f(—a=b)
l ,[.Z(a= b)
(——a=5)=(a=05)
X
(——a=08)=(a=10)
El(—a= b)
fla =b) (5
(y)::
F—a=8)=(a=b) (Il

In the second citation of (IIT) “‘g” is replaced by ““#**. In the
68 last citation of (I), “g(£)” is replaced by ‘‘=~¢&°, ““a” by
‘l__a = b”’ and C‘b” by ‘la = b”.

§51. Derivation of some propositions from (IV).

Now some propositions will be derived from (IV).

Illa a
*Eb
(—a) = (= b)

X

(— a) = (-!- b)
a
b (a
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Ilc b
]Ea
(——G) = (-!- b)

X

(—a) = (=)
b
a

" (~—a) = (=)
b
a
a
b
—r b

B Hyr(—a)= (1)
b

(——a) = (ﬂ- b)
b

a
b

(8); e ¢ b - ——
(=—a) = (=)

o Q A O o8

(@) e v oo e

(8

(y

(8

(e

04



(—a) = (-!— b)

a
b
b
a (n
IV} e e e e
(—a) = (—1)
b
a
a
b (IVa
(I) is to be understood in its first application above in the form
13 b”
a
b
a ?
in its second application, in the form
e g
b
a
b,
and in its third application, in the form
X3 a"
b
a
b .

Note the effect of this use of (I) upon the transitions to (y), (),

and (¢). (I) will frequently be used again in this way. We may

compare the derivation of (Ie) in §49. The proposition (IVa)
69 is frequently used to prove the identity of truth-values,

v |-C(—a) = (—ra)

(——a) = (ra)
I-l:(—a) = (wra)
(——2a) = (—+0)

fF(—a) = (a) (IVb

(Xlg)::

(Ila):
117



A—a)

For the transition to (¢), we are to think of

“AE” in (lllc) asreplaced by ‘‘(a = b) = &,

ﬂ +a) (IVe
—_——
IV F(—a) = (+r0a)
(llc):
ﬂ +ra)
A—a) (Ivd
A sample of the application of (IVa) is the following.
11363 }[a =5
b=a
(IVay:
(—a=08)=(—b=0a)
F b=a
a=15 (a
(111F)::
f(=—a=25)=(—5b=0) (B
(IlIc):
(@=8) ~x(—5=a)
(—a=b)=(a=b (y
(HIi)::
t@=28)=(——1b=a) (6
(Idc):
}-[(a=b)=(b=a)
(—bt=0a)=(b=0) (e
(IIL)::
Fla=8) =(d=0a) (IVe
In the transition to (y) above, (Illc) is to be understood in the
form
“hrle=bd) =(—b=0a)
‘.E(-—a= b) =(—=b=a)
(——a=08)=(a=1b) ,
where CAE is replaced by = (—b = a)”,
‘g is replaced by H=—a=b)",
and ‘" is replaced by “(a = b)*.

“q as replaced by “(—1b=a)",

and “p* as replaced by “(b = a),
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§52. Derivation of some propositions from (V) and (VI).
Finally, some further propositions may be derived from (V)
and (VI).
V. FCA = &gla)) = (<&fa) = g(a))

(lIa):
éfle) = agla)
Z~fla) = gla)
(IIIh): == — e e = =
F(éfe)) = Flag(a))
2~ fla) = g(a) (Va
—_——
V Hefld = agla)) = (<&~fa) = g(a))
(Illc):
Z ﬂa) = g(a)
éfe) = dgla) (a
(Ila) e e ===
fa) = g(a)
éfle) = agla) (Vb
In (Ila) as cited here, ‘*A£)’’ is to be thought of as replaced by
“AE =AD",

In the following derivation “‘¢g(£)*’ in (Va) is replaced by
““g = £, and ‘‘¢"’ is written for ‘‘a’’ in accordance with Rule
(11) of §48.

Va éfle) =éla =)
~fla) =(a = a)
(IMIa): s = == == =~ =
a=\éife
Ea =\(a=¢
2-fla) =(a =a) (a
(VI):
a = \éfle
2~ fla) = (a = a) (Vla
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APPENDIX |

DERIVATION OF “} @) = anife)"’
(Grundgesetze, Vol. 1, §§54, 55, 91)
§54. Analysis.
. the proposition
“FARA) = anéfle)” (1
is to be derived by way of Definition (4) [of §34]. According
to that, it is sufficient to prove

b fla) =\ (@) =a
a(,\’[ jﬂt’) = 69(6)) . (A

This must be done by means of (VIa) and the proposition

w-[:q(a) =a = (fla) = a)”
( éfle) = d’g(c))
by taking for *‘A &)’ in (VIa)

N‘[q(a) =
éfle) = cg(c)
and replacmg “a” by “f(@)”. By Rule (5), (x) results from
(ﬂ?atq(a) =b ) = (fa) = )
éfe) = égle) , (n

which is proved by means of (IVa). To this end we need the

propositions
(13 9 9(a) = b 9
| Ec’ﬂt) = égle)
fla) =% 04
(122 ﬂa) = b "
QQ(G) =b
éfe) = égle) (y
the first of which follows by contraposition (Rule (3)) from
(X} ﬂa) = b 1)
qq(a) =}
efe) = dgle) . (e
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If we now write (IIb) in the form
‘ fa)=1b ”
éfle) = éfe)
J q(a) =b
éfle) = égle)
we see that from it and (Ille), (¢} follows. The second proposi-
tion (y) follows by contraposition from

u'_g 9(a) - 'Y
V.Ec’ﬂc) = égle)
——r fla) =) , (B

and this by Rule (5) from

“ ga) =b 1
éfe) = égle)
fla) =& . (a

The latter proposition results by Rule (7) and (Vb) from

. g(a) =5 "
fla) = gla)
f(a) =b ’

which with interchange of subcomponents is merely a special
case of (Illc). From this starting point we now construct the
proof. ...

§55. Construction.
Vb fla) = ¢g(a)
Efe) = égle)

(IMc): m e = m e e =
b gla) = b
.[c’f(c) = égle)
-.-f(a) = b (a
'- q(a) =b
V.E(ﬂc) = égle)
L—fa)=b (B
X
fla) = b
qq(a) =b
efle) = égle) (y
(IVa):
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(a) = b =(—fa) =0
(wtjﬂe) = 69(6))

J q(a) =b
tzﬂi) = 6’9(6)
fla) = b

— Y —

IMle }éAe =26
(I1b):

fa) =%
qu(a) =b
éRe) = égle)
X

J g(a) =b
| [—:.c’ﬂc) = dgle)
fla) = b

F(rdrrgla) = b = (——fla) = b)
(~[ ?ﬂt’) = 6’9(6))

(8):

(Ila):

}-[(-n?,-[g(a)=b )=(f(a)= b)
éfle) = €4(e)
(—fla) = &) = (fa) = b)

(1i)::

b(r&rgla) =b =(fa) = b)
(NE 3)’(() = c’g(t))

S

" (T L) e

(Via):
F Ra) = \a (@) =a
(NE :ﬂe) = tq(t’))

}[ﬂa) = ant!f(f)
\&( 3 g(a)=a ):ani’ﬂf)
éfe) = égle)
FAa) = anéfe)

(Illa):

(4)::

(3

(e

(¢

(5

(6

(¢

(x

(x

(n
(1
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TWO COROLLARIES

§91.
1 }Aa)=anéfe)
(Ille):
F(a ntzﬂf))
F(Ka)
1 FAa) =anifle)
(Il1a):
F(fa)
Flanéfe)
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APPENDIX 1|

THE RUSSELL PARADOX
(Grundgesetze, Vol. II, Appendix)

Hardly anything more unwelcome can befall a scientific writer
than that one of the foundations of his edifice be shaken after
the work is finished.

I have been placed in this position by a letter of Mr, Bertrand
Russell just as the printing of this [second] volume was nearing
completion. It is a matter of my Basic Law (V). I have never
concealed from myself its lack of the self-evidence which the
others possess, and which must properly be demanded of a law
of logic, and in fact I pointed out this weakness in the Intro-
duction to the first volume (pp. 3-4, above). I should gladly have
relinquished this: foundation if I had known of any substitute for
it. And even now I do not see how arithmetic can be scientif-
ically founded, how numbers can be conceived as logical ob-
jécts and brought under study, unless we are allowed—at least
conditionally—the transition from a concept to its extension. Is
it always permissible to speak of the extension of a concept, of
a class? And ifnot, how do we recognize the exceptional cases?
Can we always infer from the extension of one concept’s coin-
ciding with that of a second, that every object which falls under
the first concept also falls under the second? These are the
questions raised by Mr. Russell’s communication.

Solatium miseris, socios habuisse malorum. | too have this
solace, if solace it is; for everyone who in his proofs has made
use of extensions of concepts, classes, sets,! is in the same
position. It is not just a matter of my particular method of lay-
ing the foundations, but of whether a logical foundation for arith-
metic is possible at all,

But let us come to the point. Mr. Russell has discovered a

'Herr R. Dedekind's ‘systems’ also come under this head.
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contradiction, which may now be set out.

No one will want to assertof the class of men that it is a man.
Here we have a class that does not belong to itself. That is, |
say that something belongs to a class if it falls under the con-
cept whose extension that class is, Now let us fix our attention
upon the concept class that does not belong to itself. The ex-
tension of this concept (if we may speak of its extension) is
accordingly the class of classes that do not belong to them-
selves. For short we shall call it the class . Now let us ask
whether this class C belongs to itself. First let us suppose
that it does. If something belongs to a class, then it falls under
the concept whose extension the class is; accordingly if our
class C belongs to itself then it is a class that does not belong
to itself. Thus our first supposition leads to a self-contradic-
tion. Second, let us suppose that our class € does not belong
to itself; then it falls under the concept whose extension it it-
self is, and thus does belong to itself: here again, a contra-
diction.

What should be our attitude to this? Are we to suppose that
the law of excluded middle does not hold for classes? Or are
we to suppose that there are cases in which to an unexcep-
tionable concept no class corresponds as its extension? In the
first case we should find ourselves obliged to deny that classes
are objects in the full sense; for if classes were proper objects
the law of excluded middle would have to hold for them. On the
other hand there is nothing ‘unsaturated’, nothing ‘predicative’,
about classes that would characterize them as functions, con-
cepts, or relations. Whatwe are accustomed to regard as a name
of a class, e.g., ‘“‘the class of prime numbers’’, has rather the
nature of a proper name; it cannot occur predicatively, but it
can occur as grammatical subject of a singular proposition, e.g.,
‘‘the class of prime numbers comprises infinitely many objects’’.
If we wanted to abrogate the law of excluded middle for the case
of classes, we might then think of regarding classes—and in
fact courses-of-values generally—as improper objects. These
then would not be permitted to' occur as arguments of all first-
level functions. But there would also be functions that could
take as arguments both proper and improper objects; certainly
the relation of identity would be of this kind. We might try to
escape this by assuming a special sort of identity for improper
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objects, but that is completely ruled out; identity is a relation
given to us in so specific a form that it is inconceivable that
various kinds of it should occur. But now there would result a
great multiplicity of first-level functions, namely (1) those which
could take only proper objects as arguments, (2) those which
could take both proper and improper objects as arguments, and
(3) those which could take only improper objects as arguments.
There would also result another division on the basis of the
values of functions, according to which we should have to dis-
tinguish (1) functions whose values were proper objects exclu-
sively, (2) those which had both proper and improper objects as
values, and (3) those whose values were improper objects ex-
clusively. Both of these divisions of first-level functions would
hold simultaneously, so that we should obtain nine types. To
these again there would correspond nine types of courses-of-
values, of improper objects, among which we should have to
draw logical distinctions. Classes of proper objects would have
to be distinguished from classes of classes of proper objects,
extensions of relations between proper objects would have to be
distinguished from classes of properobjects and from classes of
extensions of relations between proper objects, and so on. Thus
we should obtain an incalculable multiplicity of types; and in
general objects belonging to different ones of these types could
not occur as arguments of the same functions. But it seems ex-
traordinarily difficult to set up comprehensive legislation that
would decide in general which objects were permissible argu-
ments for which functions, Moreover, the justifiability of the
improper objects may be doubted.

If these difficulties frighten us off from regarding classes (and
hence numbers) as improper objects, and if we are nonetheless
unwilling to recognize them as proper objects, namely as ad-
missible arguments for every first-level function, then there is
indeed no alternative but to regard class-names as pseudo prop-
er names, which would thus in fact have no denotation. They
would in this case have to be regarded as parts of signs that
had denotation only as wholes.? Now of course it may be thought
advantageous for some purpose to fashion different signs that
are identical in some part, without thereby making them into
complex signs. The simplicity of a sign certainly requires only

2C1. Vol. I, §29, pp. 84f., above.
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that such parts as one can distinguish witkin it not have a de-
notation on their own. In this case, then, even what we are ac-
customed to regard as a sign for a number would not really be a
sign at all, but a syncategorematic part of a sign. To define
the sign ‘2"’ would be impossible; instead we should have to
define many signs containing ‘‘2*’ as a syncategorematic con-
stituent, but not construable as logical compounds of ¢‘2’* and
some other part. It would then be illicit to replace such a syn-
categorematic part by a letter, for so far as the content was con-
cerned there would be no complexity. With this, the generality
of arithmetical propositions would be lost. Again, it would be
incomprehensible how on this basis we could speak of a Num-
ber of classes or & Number of Numbers.

I think that this is sufficient to render this route impassable
as well. Thus there is no alternative at all but to recognize
the extensions of concepts, or classes, as objects in the full
and proper sense of the word, while conceding that our inter-
pretation hitherto of the words ‘‘extension of a concept® is in
need of correction,

Before we go into the matter more closely, it will be useful to
track down the origin of this contradiction in our signs. That A
is a class not belonging to itself may be expressed in this way:

&1 4(A)
é(—gld)) = A,
And the class of classes not belonging to themselves will be

designated thus:
6’( L 4le) ) 8
é(——g(a) = €/,

I shall use the sign *‘¥V’’ as short for this in the derivation that
follows, and in consideration of the doubtful truth of it all 1
shall omit the judgment-stroke. Accordingly, by

6¢’¢[9(V) 11
{—gle)) =V

I shall express the circumstance of the class V's not belong-
ing to itself.
By (Vb) we now have

30n the use of Greek letters, cf. Volume I, §9, pp. 43(f., above.
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(—AV) = &y ¢(¥)
[ Tl g -

)

or, by our abbreviation and (Illa),

V)
H{—7Re) =V
&+ 4(V)
—gle) =V. (a
Now for *‘f’* we introduce the Gothic ‘‘g'’:
- ¢(V)
(——gle) =V
2 4(V)
gl =V; g

e., if ¥ does not belong to itself then V does belong to itself.
That is one side,
On the other side, by (IIb) we have

AV)
{—Ffe) =V
Er o(¥)
{—gle) =V, (y
and if for ““A£)'" we take “‘wdxy 4(&) ",
.'V[(’(—g(c)) = ¢
1\9¢[9(V)
(—gl) =V
L-—-(( ¢le) ) =V
—gle)) = ¢
Er (V)
—g(e) =V s (8
whence, taking into account our abbreviation,
Er (V)
(——gle) =V
Er o(¥)
l—gl)) = V; (e

i.e., if ¥ belongs to itself then it does not belong to itself.
From (¢} there follows by (Ig)

257 'IV[ Q(V)
(——gld) = ¢
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and from this and (8),

4,[ oV
él—gle) = V. (y

The propositions (¢) and () contradict one another. The error
can be only in our Law (Vb), which must therefore be false.
Now let us see how the matter turns out if we make use of our
sign ‘“~*', Here “é(—ene)’ will occur in place of *“¥**. If in
our proposition (82)* we take
t‘*fnfii for ltﬂé)”’
L for CFE,
and ‘“4(rene)”’ for “a’,
then we obtain
-Eé(w-cnc)ng(w-cnc)
G’(—i—fht')nc’(ﬂ-fnc), (0
from which by (Ig) there follows
W‘tz(-l-fﬁG)f\f’(W-Gf\G)- (l.
Making the same substitutions in proposition (77)*, we obtain
lrecnednédlacne
-[c’(-a-en()nc’(w-cnc), (K
from which together with () there follows
—lecndni(acnd, 10}
which contradicts (¢). Therefore at least one of the two proposi-
tions (77)and (82) must be false, and therefore proposition (1) also,
from which they both follow. A look at the derivation of (1) in §55
of our first volume** shows that there too use is made of (Vb).
Thus suspicion is directed at this proposition here as well.
Along with (Vb), (V) itself has collapsed, but not (Va). Nothing
hinders us from transforming the generality of an identity into an
identity of courses-of-values; only the converse transformation has
been shown to be not always allowable. Of course from this we
learn that my way of introducing courses-of-values in §3 of Vol-
ume [*** is not always legitimate. We can not use the words:
‘‘the function ®(&) has the same course-of-values as the
function ¥(&)
generally to denote the same as the words:
‘‘the functions ®(£) and ¥(£) have always the same value
for the same argument’’,
and we must take into account the possibility that there are
*Cf. Appendix I, p. 128, above.

**Cf. Appendix I, pp. .23-125, above.
*++Cf. p. 36, above.
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concepts having no extension—at any rate, none in the ordinary
sense of the word. Because of this, the justification of our
second-level function é¢(e) is shaken; yet such a function is
indispensable for laying the foundation of arithmetic.

Now we shall supplement our inquiry by arriving at the false-
hood of (Vb) as the end result of a derivation, instead of start-
ing with (Vb) and thus running into a contradiction. In order to
be independent of the signs for courses-of-values, which are
after all under suspicion, we shall carry out the derivation quite
generally for a second-level function of one argument of type 2,*
using the notation of Volume I, §25. Our complex sign

(%] ’ ( 9(6) )l’
J(-— 9(()) =€
will accordingly be replaced by

8™ 71(6)—#3» -8) ;

the stipulations that we set up in Volume I, §9, for the case of
courses-of-values-signs regarding the scope of a Greek letter
are to be carried over to this case as appropriate for the mean-
ing. In our formula are two occurrences of ‘M, one initially
and one in the interior. In the first occurrence what stands at
the argument-place is the function-mark

w[q(f) "
M (~—g(B) = ¢ ;

B 9 B f

in the second occurrence it is *‘——g(£)*’. The following at
once results:

IIb*

B
——-M ( #«B) ) =a
M (——g(B)) =B
./ g(a)
MB(— g)((B)) =a

‘Ct. Volume 1, §23, pp. 77-78, above.
*Frege is citing (IIb) in the form *¢ MaAB)?,

2 MBQ(B)

f [y (¢(B))n tting * ",
or 8 putting Iﬁ(—cﬁ(ﬁ»—a

and for /(&7 putting ",
“N‘[MB(— BN =&
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(~[ :1(6)—9(/3)) = B) -

9(a)
MB(— B =a (u
X
%r 4(a)
MB(—g(B)) =a
#(B) =a
(""[ M (—g(B) = B> (v

If for short we put

"

“P(e)” for #&
N[M ("—9(3)) =¢

and

HMBQ(B)” for 6‘a”,

then from (v) we obtain

q) .
(MB(d)(B))) ;

i.e., the value of our second-level function for the concept ®(¢)
as argument falls under this very concept. On the other hand,
by (v) we also have

q('l (@8
“‘[M (—9(/3)) = MB(Q(B))
i.e., there is a concept, which when taken as argument of our
second-level function results in the same value as results when
(& is so taken—but under which this value does not fall. In
other words: for every second-level function of one argument of
type 2 there are two concepts such that, taken as arguments of
this function, they determine the same value, but also such that
this value does fall under the first concept and does not fall 259
under the second.
This may be derived in Begriffsschrift as follows:

v g q(a)
MB(—— BN =a
M g(B) =a
B(™T My(— (8 = )
(I1a):
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a)
(8 =
T BT )

fla) = q(a)
1V[M (—«;(B)) =a €4

b= fla)

M & q(B) =a
‘[ B(™T H(—5(B)) - 3)

M (— RB)) = o8
l[

=M
B B(‘d’[uﬁ(—,(m) = 3)
F(a) = vy gla)
N[M gl s(8) = o

Y (—3’(3)) - 8)
B (1\’[:1 (— o)) - ;3)

(Ib, lla):: =========================

fia)
MB(— BN =a

MB(&[;(;)—,(B» . ,3) -

§-3 %) = Gla)

MB(— FB) = MB(— G(B) (n
I- J g(a)
l FMB(— #B) =a
M #(B) =a
B(ﬁ Hol— o8 - 3)
B,i.[f}(a) - 8(a)
Ma(—3F(B) = M(—G(p) (o
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(1\’[;1(3()—-,(3))— 3) -

(3) -a
( [y (— o8 - ,3)
§ 3 ‘f(a>-g(a>

MB(—?‘(B)) = MB(—g(B)) (o
[ e e e Lt
- M q(B) =a
B(-'V[M (—g¢(B)) = B>
S Fla) = Q(a)
MB(— ¥y = MB(— 8B (r
1 R e e e e L T

(B) =a
‘ (N[L (— ¢(B) = 3)
« 53 ff(a-g(a)

L (— M (—
MB( .?(B)) MB( (BN (v

X

25 3 F(a) - Gla)
I FMB(-— F(B)) - Ha(— (B
(1\4-[9(3) > =a
Ha(—o(B) - B (¢

Ille) } (8)
(e M(“'[}'ﬁ—,(s» J (“T"’(B‘)“""B” )

(¢):
wﬁ’,i[ff(a) - 8(a)

MB(—?(B)) = MB(— (B (x
That is, for every second-level function of one argument of type
2 there are concepts whichiftaken as arguments of this function
determine the same value, although not all objects falling under

one of these concepts also fall under the other.
Qur proof has been carried out without the use of propositions
or notations whose justification is in any way doubtful. Our
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proposition thus holds good for the second-level function ¢¢(e),
supposing this to be legitimate; or, in words: If it is permis-
sible generally for any first-level concept that we speak of its
extension, then the case arises of concepts' having the same
extension although not all objects falling under one also fall
under the other.
However, this simply does away with extensions of concepts
261 in the received sense of the term. We may not say that in gen-
eral the expression
*‘the extension of one concept coincides with that of an-
other”’
denotes the same as the expression
‘‘every object fslling under the first concept also falls
under the second, and conversely’’.
From the result of our derivation we see that it simply is not
possible to connect with the words ‘‘the extension of the con-
cept ®(£)’* such a sense that in general from identity of exten-
sion of two concepts we could infer that every object falling
under one of them also fell under the other.
Qur proposition can also be reached in another way, namely

as follows:
b e g(a)
MB(—-—q(B)) =a
(\ﬁ[ q(B) ) =a
M (—g¢(BN =8
s 9(a)
B(—;(B)) =a
X
}-—rM 2 g(B) =a
A (v[ Me(—— (B = ,s)
\f[q(a)
M (—g¢BN) =a (¢
g 9(a)
He(—o(B) = a
M, (<& ¢(B) =g
B( MB(—g(B)) = ;3) (w
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If for short here we put ‘“¥(£)** for
v[q(é) s
M (—g(B) =&

and replace *‘a’’ by “MB(\I’(B))”, then from (w) we obtain

-r-‘{’(MB(‘{’(B)));

i.e., the value of our second-level function for the argument ¥(¢)
does not itself fall under the concept ¥(£). On the other hand,
from (w) we also have

w[ (M¥(BY)
Mal—o(B)) = M (B

i.e., there is a concept whlch, when taken as argument of our sec-
ond-level function, results in the same value as results when
¥(4) is so taken—and under which this value does fall, Thus
here too, we havetwo concepts which, taken as arguments of the
second-level function, determine the same value, where yet the
value does fall under the second concept, but not under the first,
We can derive the proposition (y) from (w) in a way similar to
our derivation of it from (v).

Now let us try taking the function é(— ¢(¢)) as the second-
level function referred to in our foregoing propositions. We then

have in the concept
'r\’r[ 38
—gle) =&

a concept under which its own extension falls; but by () there
is a concept whose extension coincides with that of the concept
just mentioned, but under which this extension does not fall.
We should like to have an example of this: how is such a con-
cept to be found? Itcannot be done without a more precise spec-
ification of our function ¢(—— ¢(¢)), of the extension of a con-
cept; for our previous criterion for the coinciding of extensions
at this point forsakes us.
On the other hand, we have in the concept

*i'[a(f)
H——gla)) = £

a concept under which its extension does not fall; but by (w)
there is a concept whose extension coincides with that of the
concept just mentioned, under which this extension does fall—all
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of this naturally on the hypothesis that the function-name
$4¢(—— (€))** has a logical justification.

In both cases we see that the exceptional case is constituted
by the extension itself, in that it falls under only one of tweo
concepts whose extension it is; and we see that the occurrence
of this exception can in no way be avoided. Accordingly the
following suggests itself as criterion of identity for extensions:
the extension of one concept coincides with that of another if
every object that falls under the first concept, except the ex.
tension of the first concept, also falls under the extension of
the second concept, and if conversely every object that falls
under the second concept, except the extension of the second
concept, also falls under the first concept.*

Obviously this cannot be taken as defining the extension of a
concept, but merely as stating the distinctive property of this
second-leve!l function.

By transferring to courses-of-values in general what we have
said of extensions of concepts, we arrive at the Basic Law

F(éRe) = agla)) = ~Sq=—fa) = gla)
v%a = t”f(()
a= &g(a) (V'

which is to replace (V) (Volume I, §20, p. 72, above). This Law
implies (Va). On the other hand, (Vb) must give way to the fol-
lowing propositions:

fa) = gla)
’Ea =éfd
¢fe) = bgla) (Vb
or
}]Eﬂa) = gla)
a = &g(a)
¢fe) = adgla) (Ve

Let us now convince ourselves that the contradiction that arose
earlier between the propositions (8) and (¢) is now avoided. We
proceed as we did in the derivation of (8), using (V’c) instead
of (Vb). As before, let ‘‘¥** abbreviate

*This suggestion is now known not to be far-reaching enough to
eliminate inconsistency from the system; see the Editor’s Introduc-
tion, pp. xlvif., and the artioles there cited.
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(3] g ( ) 12
c(w[g(c— 9(6)) = €) .
By (V'¢) we have

(——AV)) = =&y 4(V)
’V[ €(—gle)) =V

v=€’< g 9(6) )

l——gle)) = ¢
é(—-f(c))=€'< r gle) )
gl =/ .

Using our abbreviation, we obtain

(— V) = &1 4V)
“’[6’(——9(6)) =V
V=V

i, )

which is obviously true because of the subcomponent ‘-~ VY=Y,
and on that very account can never lead to a contradiction.

We stipulated (Volume I, p. 48, above) that the extension of a
concept under which falls only the True should be the True, and
that the extension of a concept under which falls only the False
should be the False. These specifications remain unchanged
by our new understanding of the extensions of concepts.*

What influence does this new interpretation have upon the values
of our function \{, if we hold to the specifications of Volume I,
§11 [pp. 49-50, above]? Suppose ®(£) is an empty concept; by the
old interpretation of extensions,\¢ ®(¢) then coincided with ¢ ®(e),
because there was no object A such that ¢(A = ¢) coincided with
¢ ®(c). By the new interpretation there is such an object, viz.,
¢d(¢) itself, But the result is again the same, viz., that \é¢®(¢)
coincides with ¢®(e). Similarly if ¢®(¢) is the sole object falling
under the concept ®(£). If we assume A to be the sole object fall-
ing under the concept ®(£), then \¢ ®(¢) coincides with A, This

*This is not so. In general, suppose that ¢ is identified with the ex-
tension ¢ F(¢) and that f is identified with ¢ G(¢). Then by the right-to-
left direction of (V*), if (eMz # ¢t & z # f» (F(z) — ¢(2))), then ¢ will
be identical to f. This indicates that in the revised system it no longer
is the case that ‘it is always possible to stipulate that an arbitrary
course-of-valuesis to be the True and another the False’ (above, p. 48):
rather, the courses-of-values ¢ F{¢) and ¢ G(¢) selected must be the ex-
tensions of concepts A(&) and G(&) that are not simultaneously satis-
fied-or-falsified by every object other than the truth-values. Frege's
original stipulation, essentially that ¢ = 2le=¢t) and f = ¢ (e=/), fails to
meet this condition, since & = t and £ = f are simultaneously falsified
by every object other than the truth-values,
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is also the case if only A and ¢®(c) fall under the concept ®(&);
and here the case is different from before, for in this case \¢®(e)
was before supposed to coincide not with A but with ¢®(e). In all
other cases there is no difference between the old and the new
interpretation of the extensions of concepts as regards the values
of the function \¢, and our Basic Law (VI) holds now as it did earlier.

We have vet to ask how the values of our function ¢ ~ { are af-
fected by the new interpretation of courses-of-values. Where I’
is a course-of-values, it is no longer specified what value a
function has, whose course-of-values is I, for the argument
©;° in particular: when @ coincides with 1. There can be func-
tions having the same course-of-values 1°, but having different
values for the argument I". The extension of the concept

%g(r) =¢
1= égle)

can now no longer coincide with the extension of a concept like
A=¢, because A alone falls under the latter, whereas all objects
fall under the former. For,if I'is a course-of-values and E is an
object, it is always possible to specify a function X(£) such that
éX(e) = 1" and
X(r = E.
By the stipulation of Volume I, §11,

TR )

accordingly coincides with
(1\/[ oI = a )
" = ég4(c)

Thus if ' is a course-of-values, then

TR L)

[is the Truel; i.e., [' » " is the extension of a concept that en-
compasses everything, If I" is not a course-of-values, then
I~ " is the extension of an empty concept. In the first case

~—— 1"~ " is the False:

}r(’f(s) ~nERe) . (o
This is important for the function & At first sight we might
be apprehensive that concepts having the same extension would
by our stipulations have to be assigned the same Number, even
though one more object fell under the one than under the other—
namely, the extension itself, so that in the end we should get
only a single finite Number. However, to #¢®(e) only the con-
cept — & n ¢ ®(e) is relevant, and not the concept ®(¢), and the

5Cf. Volume I, pp. 92-93, above.
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extension ¢®(e) does not fall under the former, even if it does
fall under ®(&).

If we repeat the derivation of Theorem (1) (Volume I, §55)*
with (V’b) instead of (Vb), then we obtain, instead of (1),

}-[;ﬂa) =anéfle
a = ¢f(e) (1°
from which we derive, not (77) and (82), but
F(anéfe) F(fa))
TF(f(a)) ’.EF(ane’f(c))
a=éf(e 17 a=éf(e (82°

We draw some additional consequences.

a’ péRnéfe)
(I1a):

I-[:ane’f(e)
a=2¢f(e (B’

anéfe) (82~

82" f-[e’(-v-ent)nt'(-v-tns)
élrene)né(—vene)

(Ig):

hé(amenedn é(amene (y*

This follows in the same way as (.) above. Nonetheless no con-
tradiction arises, as we shall immediately see. (y’) is merely a
particular case of (o).

Tt rene)né(recné

Herecn)nd(amend
rened =é(rene)

X

*Cf. Appendix 1.
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I-Ee’(w-ene)=e'(-|—tne)

menedné(acne) (5’
(¥
'-e’(ﬂ—ene) = ene (¢*
(¢) is a special case of (Ille). A contradiction is not forth-

coming,

To pursue further here the consequences of replacing (V) by
(V’) would be too great an undertaking, We cannot but acknowl-
edge that subcomponents must be added to many of the proposi-
tions; but certainly we need not fear that this will raise ob-
stacles that actually block the course of the proofs. Neverthe-
less it will be necessary to check thoroughly all propositions
discovered up to this point.

The prime problem of arithmetic is the question, In what way
are we to conceive logical objects, in particular, numbers? By
what means are we justified in recognizing numbers as objects?
Even if this problem is not solved to the degree I thought it was
when I wrote this volume, still I do not doubt that the way to the
solution has been found.

Jena, October, 1902,



List of corrections and minor points not otherwise noted.

pp. 1-2, Although certain of the forward references refer to portions
of the original book not included in this translation, the references
have been included for the sake of the reader wishing to study the
later portions in the original. The same applies to certain of the ref-
erences at pp. §-9.

p. 29. Paragraph §0 was called ‘*Kinleitung’® in the original, the
Introduction being called **Vorwore,

p. 39, line 4. The original reads, *‘the function & (instead of
‘‘the function-name $—— &),

p. 41, line 5. In the text, the right-hand side of the equation reads,
“2‘2— 17,

p. 43, first four displayed formulas, In the text, instead of the last
identity-sign in each of these there occur plus-signs.

p. 17, line 12, The original reads, *the function §(£)* (instead of
‘*some function (D(rf)”).

p. 47, line 7 from foot. The original reads, “®(&* (instead of
ttx({.‘)vv).

p. 51, line 5 from foot., The original reads, ‘‘the True'' (instead of
t‘the False'), The correction is given in Grundgesetze, vol.II, p. xvi.

p. 54, fourth display. In the original, ¢4’ occurs in place of ¢¢3*,

p. 55, beginning at line 18, Throughout the example the text has
¢¢a— 1! rather than **= 1",

p. 58, line 6 from foot, In the original text, the name *‘4+ I is in-
correctly written “I-[ ™, T@

(]

p. 66, lines 13-14, The conclusion and one of the premisses are er-
roneously transposed in the original text.

p. 96, linc 16 from foot. The original has & instead of *{".

pp. 97-99. The capital upsilon of the original not being available, a
capital tau (**T**) has been used instead. The same applies to pp. 102-
104,

pp. 123-124. [ have altered the indices in §54 to conform with those
of §55.

p. 130, line 3 from foot. The original reads, **belonging’’ (instead
of **not belonging*").

p. 131, linc 6. *‘Belongs?®’ and ‘‘does not belong'’ are erroneously
transposced in the original text.

p. 131, line 3 from foot. ‘‘Belongs®' and **does not belong’’ are er-
roneously transposed in the original text.



